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NIELSEN EQUIVALENCE IN CLOSED 2-ORBIFOLD GROUPS
EDERSON R. F. DUTRA
Abstract. We prove that any generating tuple of the fundamental group of a sufficiently large 2-dimensional
orbifold is represented by an almost orbifold covering. As a corollary we obtain a generalization of Louder’s
Theorem [7] which asserts that any two generating tuples of the fundamental group of a closed surface are
Nielsen equivalent.
1. Introduction
If G is a group, n > 1 and T = (g1, . . . , gn) is a n-tuple of elements of G, an elementary Nielsen transformation
on T is one of the following three types of moves:
(T1) For some i ∈ {1, . . . , n} replace gi by g−1i in T.
(T2) For some i 6= j, i, j ∈ {1, . . . , n} interchange gi and gj in T.
(T3) For some i 6= j, i, j ∈ {1, . . . , n} replace gi by gigj in T.
Two n-tuples T and T′ of elements of G are called Nielsen equivalent, denoted by T ∼NE T′, if there exists a finite
chain of elementary Nielsen transformations taking T to T′. Nielsen equivalence clearly defines an equivalence
relation on the set of n-tuples of elements of G for every n > 1.
Recall that, for a finitely generated group G, the rank of G, denoted by rk(G), is the smallest number of
elements in a generating set of G. A generating n-tuple is called minimal if n = rk(G).
An n-tuple T is called reducible if T is Nielsen equivalent to a tuple of type (g′1, . . . , g′n−1, 1). Otherwise, we
say that T is irreducible. Note that any minimal generating tuple is irreducible.
J. Nielsen [10, 11, 12] showed that for the free group Fn = F (x1, . . . , xn) any generating tuple of Fn is Nielsen
equivalent to (x1, . . . , xn, 1, . . . , 1). This result implies in particular that in a free group all generating tuples of
the same size are Nielsen equivalent.
Nielsen’s result was later generalized to free products by I. A. Grushko [4]. Note that Nielsen’s result can be
easily derived from Grushko’s theorem and the euclidean algorithm, which is nothing but Nielsen’s method in
the case of a free group of rank 1.
Theorem (Grushko). Let G = H ∗ K be a free product. Then any generating tuple T = (g1, . . . , gn) of G is
Nielsen equivalent to a tuple (h1, . . . , hs, ks+1, . . . , kn) with hi ∈ H and ki ∈ K for all i.
The purpose of this paper is to study Nielsen equivalence of generating tuples of 2-orbifold groups. A 2-
orbifold is a space locally modeled on the quotients of the Euclidean plane by finite group actions. Further, these
local models are glued together by maps compatible with the finite group action. We shall restrict our attention
to 2-orbifolds without reflector curves. This class of orbifolds can be defined in an entirely combinatorial way
as follows.
Definition 1.1. A 2-orbifold O is a pair (F, p) where F is a connected surface, called the underlying surface of
O, and p : F → N is a function such that Σ(O) := {x ∈ F | p(x) > 2} is countable, discrete and is contained in
the interior Int(F ) = F − ∂F of F . The number p(x) is called the order of x and the points of Σ(O) are called
cone points. An orbifold is said to be compact/closed if its underlying surface is compact/closed.
We will often denote a compact 2-orbifold O = (F, p) with cone points x1, . . . , xr by O = F (p1, . . . , pr) where
pi is the order of xi. To describe a 2-orbifold pictorially, we show the underlying surface F , mark the cone
points, and label each cone point by its order. Figure 1 illustrates a 2-orbifod with underlying surface an annulus
and with a single cone point of order p1.
The fundamental group pio1(O) of a 2-orbifold O = (F, p) is defined as follows. Let x1, x2, . . . be the cone
points of O and for each i let Di ⊆ IntF be a disk centered at xi such that Di ∩Dj = ∅ for i 6= j. Let SO be the
surface F − ∪ Int(Di). Then pio1(O) is the group obtained from pi1(SO) by adding the relations spii = 1, where
si is the homotopy class represented by ∂Di and pi is the order of xi. Thus a presentation of the fundamental
group of a compact orbifold O = F (p1, . . . , pr) is
pio1(O) = 〈a1, . . . , ap, t1, . . . , tq, s1, . . . , sr | sp11 , . . . , sprr , R · s1 · . . . · sr = t1 · . . . · tq〉,
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where the element tj (1 6 j 6 q) is the homotopy class of the jth boundary component of F . The word R and
the number p > 0 are given by:
(P1) p is even and R = [a1, a2] · . . . · [ap−1, ap] if F is orientable;
(P2) p > 1 and R = a21 · . . . · a2p if F is non-orientable.
For a more detailed discussion about orbifolds the reader is referred to the article of P. Scott [16].
p1
Figure 1. O = A(p1).
p1
s1
t1 t2
Figure 2. Generators of pio1(O).
Convention 1.2. Let O = F (p1, . . . , pr) be a compact connected orbifold with cone points x1, . . . , xr of order
p1, . . . , pr respectively. Given a point x of O of order p > 1, we will denote by sx the element of pio1(O) represented
by the boundary of a small disk containing x in its interior. Thus sx = 1 if p = 1 and sx = si if x = xi for
some 1 6 i 6 r.
Definition (Standard generating tuple). Let O be a compact orbifold. A standard generating tuple of pio1(O) is
a tuple of the form (a1, a2, . . . , ap, tj1 , . . . , tjq′ , s
ν1
i1
, . . . , s
νr′
ir′
) where the following hold:
(S1) q′ + r′ = q + r − 1.
(S2) 1 6 j1 < . . . < jq′ 6 q and 1 6 i1 < . . . < ir′ 6 r.
(S3) ν1, . . . , νr′ are positive integers such that (νj , pj) = 1 for all 1 6 j 6 r′.
Remark 1.3. Let O be a compact 2-orbifold. If O has non-empty boundary, then
pio1(O) = F (a1, . . . , ap, t1, . . . , tq−1) ∗ 〈s1〉 ∗ . . . ∗ 〈sr〉.
Grushko’s theorem and the euclidean algorithm imply that any generating tuple of pio1(O) is Nielsen equivalent
to a tuple (a1, . . . , ap, t1, . . . , tq−1, sν11 , . . . , s
νr
r , 1, . . . , 1) with ν1, . . . , νr positive integers such that (νi, pi) = 1
for all 1 6 i 6 r. In particular, any minimal generating tuple of pio1(O) is Nielsen equivalent to a standard
generating tuple.
In [21, Satz 6] H. Zieschang proves that any minimal generating tuple of the fundamental group of a closed
surface of genus 6= 3 is Nielsen equivalent to a standard generating tuple. Rosenberger [14, 15] proves a similar
result for a large class of Fuchsian groups. In [8, 9] the authors distinguish Nielsen equivalence classes of standard
generating tuples of Fuchsian groups and use this to distinguish vertical Heegaard splittings of Seifert fibered
spaces. Recently L. Louder [7] proves that any two generating tuples of the fundamental group of a closed
surface are Nielsen equivalent.
In order to formulate the main result of this paper we need the notion of an almost orbifold covering. We
first recall the definition of an orbifold covering. Let O = (F, p) and O′ = (F ′, p′) be two 2-orbifolds. An orbifold
covering η : O′ → O is a continuous surjective map η : F ′ → F with the following properties:
(1) For each point y ∈ F ′, the order of y divides the order of η(y).
(2) For each point x ∈ Int(F ) the set η−1(x) ⊆ F ′ is discrete and, over a disk in F centered at x, η is
equivalent to the map
(z, y) ∈ D2 × η−1(x) 7→ e( 2pip
′(y)
p(x)
i)z ∈ D2
and x corresponds to 0 in D2.
Note that the map η|F ′−η−1(Σ(O)) : F ′−η−1(Σ(O))→ F −Σ(O) is a genuine covering. The degree of η : O′ → O,
denoted by deg(η), is defined as the degree of η|F ′−η−1(Σ(O)). It is not hard to see that an orbifold covering
η : O′ → O induces a monomorphism η∗ : pio1(O′)→ pio1(O). Conversely, for any subgroup H ≤ pio1(O) there is an
orbifold covering η : OH → O such that η∗(pio1(OH)) = H.
Definition (Almost orbifold covering). Let O′ = (F ′, p′) and O = (F, p) be two compact 2-orbifolds. An almost
orbifold covering η : O′ → O is a continuous map η : F ′ → F having the following properties:
(C1) For each y ∈ F ′ the order y divides the order of η(y).
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(C2) There is a point x ∈ Int(F ) of order p > 1, called the exceptional point, and a disk D ⊆ Int(F ) centered
at x ∈ F , called the exceptional disk, with (D−{x})∩Σ(O) = ∅ such that η restricted to F ′−η−1(Int(D))
defines an orbifold covering of finite degree between the compact 2-orbifolds
Q′ := (F ′ − η−1(Int(D)), p′|F ′−η−1(Int(D))) ⊆ O′ and Q := (F − Int(D), p|F−Int(D)) ⊆ O.
(C3) η−1(D) = D1 unionsqD2 unionsq . . . unionsqDt unionsq C, where t > 0 and
(C3.a) C ⊆ ∂F ′ is a boundary component of O′, called the exceptional boundary component of O′.
(C3.b) Each Dj ⊆ Int(F ′) (1 6 j 6 t) is a disk and η|Dj : Dj → D is equivalent to the map
z ∈ D2 7−→ e 2pipq iz ∈ D2
and x ∈ D corresponds to 0 in D2, where q is the order of the point η−1(x) ∩Dj .
The degree of η : O′ → O, which we also denote by deg(η), is defined as the degree of the orbifold covering
η|Q′ : Q′ → Q. We further call an almost orbifold covering η : O′ → O special if the degree of the map
η|C : C → ∂D is at most the order p of the exceptional point x.
An almost orbifold covering η : O′ → O also induces a homomorphism η∗ : pio1(O′)→ pio1(O). But contrary to
orbifold coverings, the induced homomorphism η∗ is not injective since η∗ maps the element g, represented by
the exceptional boundary component C ⊆ ∂O′, onto a conjugate of slx, where x is the exceptional point and l is
the degree of the map η|C : C → ∂D. Another important difference from orbifold coverings is that the degree of
an almost orbifold covering may be strictly larger than the index of η∗(pio1(O′)) in pio1(O); we will give examples
of pi1-surjective almost orbifold coverings of degree > 2.
Remark 1.4. Note that if η : O′ → O is an almost orbifold covering, then O′ has non-empty boundary, and
therefore pio1(O′) splits as a free product of cyclic groups. It follows from Remark 1.3 that any generating tuple
of pio1(O′) is either reducible or is Nielsen equivalent to a standard generating tuple.
Example 1.5. Let p1 = 2n + 1 and p2 = 2n′ with n, n′ > 1. Fig. 3 shows a special almost orbifold covering
η : O′ → O where O′ = F ′(p1, p2, p22 ) with F ′ a punctured double torus, and O = T 2(p1, p2). The exceptional
point is the cone point of O of order p1 and the exceptional disk is D. The inverse image of D under η is equal
to D1 unionsq C.
η
p1
p2
p1
p2
p2
2
D1
C D
Figure 3. η : O′ → O is a special almost orbifold cover of degree 3.
Example 1.6. Suppose that O = (F, p) and O′′ = (F ′′, p′′) are compact 2-orbifolds and that η′′ : O′′ → O is an
orbifold covering of finite degree. Let x be a point of F of order p > 1, D ⊆ Int(F ) a disk centered at x with
(D−{x})∩Σ(O) = ∅ and let D′′ ⊆ F ′′ a component of (η′′)−1(D). Then η′′ restricted to F ′′− Int(D′′) defines
a special almost orbifold covering η : O′ → O where
O′ = (F ′′ − Int(D′′), p′′|F ′′−Int(D′′)) ⊆ O′′.
The exceptional boundary component of O′′ is ∂D′′ ⊆ ∂O′, the exceptional point is x and the exceptional disk
is D. Note that the degree of the map η|∂D′′ : ∂D′′ → ∂D divides p.
Example 1.7. Conversely, suppose that η : O′ → O is a special almost orbifold covering with exceptional
boundary component C ⊆ ∂O′, exceptional disk D ⊆ Int(F ) and exceptional point x ∈ Int(D). If the degree
of the map η|C : C → ∂D divides the order p of x, then η is the restriction of some orbifold covering of finite
degree η′′ : O′′ → O as in the previous example.
In this article we study Nielsen classes of generating tuples of the fundamental group of sufficiently large
2-orbifolds where we say that a 2-orbifold O is sufficiently large if O is closed and the following hold:
(1) If the underlying surface of O is S2, then O has at least 4 cone pints.
(2) If the underlying surface of O is RP 2, then O has at least 2 cone points.
The main result of this paper is the following theorem.
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Theorem 1.8. Let O be a sufficiently large 2-orbifold and T a generating tuple of pio1(O). Then there exists
a special almost orbifold covering η : O′ → O and a generating tuple T′ of pio1(O′) such that η∗(T′) and T are
Nielsen equivalent.
Example 1.9 (Standard generating tuples). Let O = F (p1, . . . , pr) be a sufficiently large 2-orbifold and let
T = (a1, . . . , ap, s
ν1
1 , . . . , s
νi−1
i−1 , s
νi+1
i+1 , . . . , s
νr
r ) be a standard generating tuple of pio1(O). A special almost orbifold
covering η : O′ → O and a generating tuple T′ of pio1(O′) such that η∗(T′) ∼NE T can be constructed as follows.
If r = 0, i.e. Σ(O) = ∅, then let x be an arbitrary point of F . If r > 1 then let x ∈ F be the cone point of O
that corresponds to the generator si of pio1(O). Put
O′ = (F − Int(D), p|F−Int(D))
where D ⊆ F is a disk centered at x ∈ F with (D−{x})∩Σ(O) = ∅. Then the inclusion map η : F−Int(D) ↪→ F
defines an almost orbifold covering O′ → O of degree one (Indeed any almost orbifold covering of degree one is
obtained in this way). The fundamental group of O′ has the following presentation:
〈a1, . . . , ap, t, s1, . . . , si−1, si+1, . . . , sr | sp11 , . . . , spi−1i−1 , spi+1i+1 , . . . , sprr ,
R · s1 · . . . · si−1 · t · si+1 · . . . · sr〉
where t ∈ pio1(O′) is the element represented by ∂D. Thus T′ = (a1, . . . , ap, sν11 , . . . , sνi−1i−1 , sνi+1i+1 , . . . , sνrr ) generates
pio1(O
′). As η is simply the inclusion map we further see that η∗(T′) = T.
p1
s1
a1
b1
p1
s1
a1
b1
p2
s2η
Figure 4. A standard generating tuple of pio1(O).
Remark 1.10. Grushko’s theorem implies that the converse of the previous example holds, i.e. if there is an
almost orbifold covering η : O′ → O of degree one and a generating tuple T′ of pio1(O′) such that η∗(T′) is Nielsen
equivalent to T, then T is either reducible or is Nielsen equivalent to a standard generating tuple.
Example 1.11. Let O = T 2(2n + 1, 2n) where n = 2n0 + 1 > 5 such that n and 3 are coprime. Let further
η : O′ → O be the special almost orbifold covering from Example 1.5, and σ1, σ2, σ3, α1, α2, β1, γ1 the elements
of pio1(O′) illustrated in Fig. 5. Consider the generating tuple
T1 = (s
2
1, s
3
2, a1, b
−1
1 a1b1, b
3
1, b1s1b1, b1s
4
2b
−1
1 )
of pio1(O) = 〈a1, b1, s1, s2 | s2n+11 , s2n2 , [a1, b1]s1s2〉. The description of η implies that η∗ maps the generating
tuple T′ = (σ21 , σ32 , α1, α2, β1, γ1, σ23) of pio1(O′) onto a tuple that is Nielsen equivalent to T1. Now consider the
generating tuple
T2 = (s
2
1, s2, a1, b
−1
1 a1b1, b
3
1, b1s1b1, b1s
4
2b
−1
1 )
of pio1(O). Note that η∗ maps the generating tuple T′′ = (σ21 , σ2, α1, α2, β1, γ1, σ23) of pio1(O′) onto a tuple that is
Nielsen equivalent to T2. Using the relation s−12 = [a1, b1]s1 we see that T2 is Nielsen equivalent to the tuple
(a1, b1, s1, 1, 1, 1, 1). Thus there is an almost orbifold covering η′′ : O′′ → O of degree one (and therefore special)
and a reducible generating tuple T′′ of pio1(O′′) such that η′′∗ (T′′) ∼NE T2.
p1
p2
p2
2
σ1
σ2
α1
α2
β1
σ3
γ1
Figure 5. The generating tuple T′ = (σ21 , σ32 , α1, α2, β1, γ1, σ23) of pio1(O′).
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Remark 1.12. The previous example shows that the special almost orbifold covering and the generating tuple
given in Theorem 1.8 are not unique. However, in a joint work with Richard Weidmann we aim to address the
extent of this non-uniqueness. We are trying to prove, in particular, that generating tuples that come from
non-trivial almost orbifold coverings are irreducible.
Louder [7, Theorem 2.3] proved that a generating tuple of a closed surface group is either reducible or it
is Nielsen equivalent to a standard generating tuple. As a corollary of Theorem 1.8 we obtain the following
generalization of Louder’s result.
Corollary 1.13. [Louder] If O = F (p1, . . . , pr) is a sufficiently large orbifold with either r = 0 or r > 1 and
p1 = . . . = pr = 2, then any generating tuple of pio1(O) is either reducible or is Nielsen equivalent to a standard
generating tuple.
The paper is organized as follows. In Section 2, we recall some basic facts and definitions regarding graphs
of groups, graphs of groups morphisms and foldings. In section 3, we define the notion of decorated groups
over the fundamntal group of small 2-orbifolds and state Proposition 3.12, which is the main result to prove
Theorem 1.8. In Section 4, we prove Theorem 1.8. In Section 5 we derive Louder’s theorem from Theorem 1.8.
Finally, in Section 6, we prove Proposition 3.12. It should be noted that most features and ideas of Louder’s
paper are preserved, but the proof of Theorem 1.8 is much more involved and subtle because of the presence of
torsion elements in the fundamental group of an orbifold.
2. Graph of groups morphisms and folds
In this section we fix notations for the theory of morphisms between graph of groups and foldings as we will
need precise language later on. Graphs of grups morphisms were introduced by Hyman Bass [1] while the notion
of folds of graph of groups morphisms was introduced by Dunwoody-Bestvina-Feighn-Stallings [2, 3, 18, 19].
We will follow the treatment given in [5] and in [20].
2.1. Graphs of groups. A graph A is a tuple (V A,EA,α, ω,−1 ), where −1 : EA → EA is a fixed point free
involution and α, ω : EA→ V A are maps such that
ω(e) = α(e−1) and that α(e) 6= ω(e) for all e ∈ EA.
We call V A the vertex set of A and EA the edge set of A. We refer to α(e) as the initial vertex of e and to
ω(e) as the terminal vertex of e. For each vertex v ∈ V A, the set
St(v,A) := {e ∈ EA | α(e) = v} ⊆ EA
is called the star of v. The graph A is said to be finite if the vertex set and the edge set of A are finite.
Remark 2.1. Note that the definition given here is slightly different from that given by Serre [17] as we do not
allow edge loops, i.e we impose that α(e) 6= ω(e) for all edges e of A.
A path p in A is a finite sequence of edges e1, . . . , ek such that α(ei+1) = ω(ei) for 1 6 i 6 k − 1. We call
α(e1) the initial vertex of p, we denote α(p), and ω(ek) the terminal vertex of p, which we denote by ω(p). We
say that A is connected if given any two vertices v and w of A there is a path in A with initial vertex v and
terminal vertex w.
Definition 2.2 (Graphs of groups). A graph of groups A is a tuple
(A, {Av | v ∈ V A}, {Ae | e ∈ EA}, {αe | e ∈ EA}, {ωe | e ∈ EA})
where A is a finite graph, Av and Ae are groups (called the vertex and edge groups, respectively) with Ae−1 = Ae
for all e ∈ EA, and where αe : Ae → Aα(e) and ωe : Ae → Aω(e) are monomorphisms such that ωe = αe−1 for
all e ∈ EA. We call the maps αe and ωe boundary monomorphisms.
An A-path of length k > 0 from v ∈ V A to v′ ∈ V A, or simply a path in A from v to v′, is a finite sequence
p = a0, e1, a1, . . . , ak−1, ek, ak
where k > 0 is an integer, e1, . . . , ek is a path in A from the vertex v to the vertex v′, where a0 ∈ Av = Aα(e1)
and ai ∈ Aω(ei) for 1 6 i 6 k. The vertex v = α(e1) is called the initial vertex of p, we denote α(p). Analogously,
the vertex v′ = ω(ek) is called the terminal vertex of p, we denote ω(p). The integer k > 0 is called the length
of p and is denoted by |p|. Note that |p| = 0 implies that v = v′ and p = a0 ∈ Av.
Let p = a0, e1, a1, . . . , ak−1, ek, ak and p′ = a′0, e′1, a′1, . . . , a′k′−1, e
′
k′ , a
′
k′ be A-paths, i and j integers such that
1 6 i 6 j 6 k, and a′i−1, a′′i−1 elements of Aα(ei) such that ai−1 = a′′i−1a′i−1. We define the following A-paths:
1. The A-path ai−1, ei, ai, . . . , ej , aj is called an A-subpath of p .
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2. If ω(p) = α(p′) then the A-path pp′ := a0, e1, a1, . . . , ek, aka′0, e′1, a′1, . . . , e′k′ , ak′ is called the concatena-
tion of p and p′.
3. If α(p) = ω(p) then the A-path a′i−1, ei, ai, . . . , ek, aka0, e1, a1, . . . , ei−1, a′′i−1 is called a cyclic permuta-
tion of p.
An equivalence relation ∼ on the set of all A-paths is generated by the elementary equivalences
a, e, ωe(c), e
−1, a′ ∼ aαe(c)a′ and a, e, a′ ∼ aαe(c), e, ωe(c−1)a′ for c ∈ Ae.
The ∼-equivalence class of an A-path p is denoted by [p]. An A-path is A-reduced, or just reduced, if it has no
A-subpath of the form a, e, ωe(c), e−1, a′ (c ∈ Ae), in other words, no elementary equivalences of the first type
are applicable to it.
Definition 2.3 (Fundamental group of a graph of groups). Given a base vertex v0 ∈ V A, the fundamental
group of A with respect to v0, pi1(A, v0), is the set of ∼-equivalence classes of A-paths from v0 to v0, with
multiplication given by [p][q] := [pq].
We say that a graph of groups A′ is a sub-graph of groups of A, and write A′ ⊆ A, if the graph A′ underlying
A′ is a sub-graph of A and the following hold:
(Vertex groups) For each v ∈ V A′ ⊆ V A, the group A′v of the vertex v in A′ is a free factor of the vertex group
Av of A at v and αe(Ae) ≤ A′v for all e ∈ St(v,A′), that is, there is a subgroup A′′v ≤ Av such that
Av = A
′
v ∗A′′v and αe(Ae) ≤ A′v for all e ∈ St(v,A′).
(Edge groups) For each e ∈ EA′ ⊆ EA the group A′e of the edge e in A′ is A′e = Ae. The boundary monomor-
phism α′e : A′e → A′α(e) is obtained from αe : Ae → Aα(e) by replacing the codomain Aα(e) of αe by the
group A′α(e) ≤ Aα(e).
If A′ ⊆ A is a sub-graph of groups of A with underlying graph A′ ⊆ A and if A′v = Av for all vertices v ∈ V A′,
then we will say that A′ ⊆ A is carried by the sub-graph A′ and we will denote A′ by A(A′).
A special class of sub-graph of groups are those for which the underlying graph A′ ⊆ A consists of a single
vertex v ∈ V A. Note that in this case pi1(A′, v) ∼= A′v ≤ Av.
Let A′ ⊆ A be a sub-graph of groups of A, v0 ∈ V A and v′0 ∈ V A′. For each subgroup U ≤ pi1(A′, v′0) and
each A-path γ with initial vertex α(γ) = v0 and terminal vertex ω(γ) = v′0, we define
γUγ−1 := {[γpγ−1] | p is an A′-path from v′0 to v′0 and [p] ∈ U}.
It follows from the Normal Form Theorem [17, Chapter I, Theorem 11] that the homomorphism U → pi1(A, v0)
given by [p] 7→ [γpγ−1] is injective. Thus the subgroup γUγ−1 ≤ pi1(A, v0) is isomorphic to U ≤ pi1(A′, v′0).
2.2. Graph of groups morphisms. The main result of Bass-Serre theory states that if a group G acts without
inversions of edges on a simplicial tree T , then G is isomorphic to the fundamental group of a graph of groups.
Now a morphism from a G-tree T to a H-tree S consists of a group homomorphism f : G → H and an f -
equivariant graph-morphism ϕ : T → S. Any such morphism can be encoded on the level of the associated
graph of groups as follows.
Definition 2.4 (Graph of groups morphisms). Let A and B be graphs of groups. A morphism ϕ : B→ A from
B to A is a tuple ϕ = (ϕ, {ϕu | u ∈ V B}, {ϕf | f ∈ EB}, {of | f ∈ EB}, {tf | f ∈ EB}) where
(1) ϕ is a graph-morphism from B to A.
(2) for each u ∈ V B, ϕu is a group homomorphism from Bu to Aϕ(u).
(3) for each f ∈ EB, ϕf is a group homomorphism from Bf to Aϕ(f) such that ϕf = ϕf−1 .
(4) for each f ∈ EB, of ∈ Aα(ϕ(f)) and tf ∈ Aω(ϕ(f)) such that t−1f = of−1 .
(5) for each f ∈ EB the diagram
Bf Bα(f)
Aϕ(f) Aα(ϕ(f)) Aα(ϕ(f))
αf
ϕf ϕα(f)
αϕ(f) iof
commutes, where iof denotes the inner automorphism g 7→ ofgo−1f .
The homomorphisms ϕu and ϕf for u ∈ V B and f ∈ EB are called vertex homomorphisms and edge
homomorphisms respectively. The elements of and tf for f ∈ EB are called edge elements. We will write oϕf or
tϕf instead of of or tf if we want to make explicit that these elements come from ϕ.
Every graph of groups morphism ϕ : B → A induces a group homomorphism ϕ∗ : pi1(B, u0) → pi1(A, ϕ(u0))
in the following way. To any B-path q = b0, f1, b1, . . . , bk−1, fk, bk we associate the A-path
ϕ(q) := a0, ϕ(f1), a1, . . . , ak−1, ϕ(fk), ak
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where a0 = ϕα(f1)(b0)of1 , ak = tfkϕω(fk)(bk) and ai = tfiϕω(fi)(bi)ofi+1 for 1 6 i 6 k − 1. It is easily seen that
ϕ preserves the equivalence relation ∼ and that ϕ(qq′) = ϕ(q)ϕ(q′) whenever qq′ is defined. Thus the map
ϕ∗ : pi1(B, u0)→ pi1(A, ϕ(u0)), [q] 7→ [ϕ(q)]
defines a group homomorphism, called the homomorphism induced by ϕ.
In what follows we will be mostly interested in morphisms that satisfy additional hypotheses.
Definition 2.5 (Folded morphisms). We say that a morphism ϕ : B→ A is folded if the following hold:
(F0) ϕ is vertex injective, i.e. ϕx : Bx → Aϕ(x) is injective for all x ∈ V B.
(F1) There exist no edges f1 6= f2 ∈ EB with x := α(f1) = α(f2) ∈ V B and e := ϕ(f1) = ϕ(f2) ∈ EA such
that of2 = ϕx(b)of1αe(c) for some b ∈ Bx and c ∈ Ae.
(F2) There exists no edge f ∈ EB such that o−1f ϕα(f)(b)of lies in αϕ(f)(Aϕ(f)) for some b ∈ Bα(f)−αf (Bf ).
Remark 2.6. Condition (5) of the definition of graph of groups morphisms implies that ϕf (Bf ) is a subgroup
of α−1ϕ(f)(o
−1
f ϕα(f)(Bα(f))of ) for all f ∈ EB. If ϕ : B→ A satisfies condition (F2) of Definition 2.5, then
(F2)′ ϕf (Bf ) = α−1ϕ(f)(o
−1
f ϕα(f)(Bα(f))of ) for all f ∈ EB.
For vertex injective morphisms conditions (F2) and (F2)′ are equivalent, compare with [20, Definition 4.5] in
the context of A-graphs.
With a simple modification of the proof of Lemma 4.2 of [5] one can show that a folded morphism ϕ : B→ A
maps reduced B-paths to reduced A-paths. Consequently, by the Normal Form Theorem [17, Chapter I, Theorem
11], the induced homomorphism ϕ∗ : pi1(B, u0)→ pi1(A, ϕ(u0)) is injective.
Definition 2.7 (Locally surjective morphisms). Let ϕ : B → A be a morphism and x a vertex of B. We say
that ϕ is locally surjective at x if for each e ∈ St(ϕ(x), A) there is a subset Se ⊆ St(x,B) ∩ ϕ−1(e) such that
Aϕ(x) =
⋃
f∈Se
ϕx(Bx)ofαe(Ae).
We say that ϕ is locally surjective if ϕ is locally surjective at all vertices of B.
The composition of graph of groups morphisms is defined as follows. Let ϕ : B→ A and φ : D→ B be graph
of groups morphisms, we define ψ := ϕ ◦ φ : D→ A by setting
ψ := (ψ, {ψw | w ∈ V D}, {ψg | g ∈ ED}, {oψg | g ∈ ED}, {tψg | g ∈ ED})
where ψ = ϕ ◦ φ : D → A, ψx = ϕφ(x) ◦ φx : Dx → Aϕ(φ(x)) = Aψ(x) for all x ∈ V D ∪ ED, and oψg =
ϕα(φ(g))(o
φ
g )o
ϕ
φ(g) for all g ∈ ED. A simple calculation shows that
ψα(g) ◦ αg(x) = oψg αψ(g) ◦ ψg(x)(oψg )−1
for all x ∈ Dg and all g ∈ ED. It is also easily verified that ψ∗ = (ϕ ◦ φ)∗ = ϕ∗ ◦ φ∗.
An example of composition of morphisms is the restriction of a morphism to a sub-graph of groups. More
precisely, let ϕ : B→ A be a graph of groups morphism and B′ ⊆ B a sub-graph of groups of B. Then there is
an obvious morphism ι : B′ → B given by
ι = (ι, {ιu | u ∈ V B′}, {ιf | f ∈ EB′}, {oιf | f ∈ EB′}, {tιf | f ∈ EB}).
where ι : B′ ↪→ B is the inclusion map, ιx : B′x ↪→ Bx is the inclusion homomorphism for all x ∈ V B′ ∪ EB′
and oιf = 1 for all f ∈ EB′. The composition ϕ ◦ ι : B′ → A will be denoted by ϕ|B′ and referred to as the
restriction of ϕ to the sub-graph of groups B′.
2.3. Auxiliary moves. Auxilairy moves were defined in [5] and in [20], for A-graphs and are merely used as
preprocessing tools to define the main folding moves. Here we simply translate the definitions given in [20] to
the language of graphs of groups morphisms.
Conjugation Move A0. Let ϕ : B→ A be a morphism. Suppose u is a vertex of B and that g ∈ Aϕ(u).
Let ϕ′ : B→ A be the morphism obtained from ϕ as follows:
(1) replace the vertex homomorphism ϕu : Bu → Aϕ(u) by the homomorphism ϕ′u = ig ◦ϕu where ig is the
inner automorphism of Aϕ(u) determined by g.
(2) for each f ∈ St(u,B) replace the edge element oϕf ∈ Aϕ(u) by oϕ
′
f := go
ϕ
f ∈ Aϕ(u).
In this case we will say that ϕ′ is obtained from ϕ by an auxiliary move of type A0. If u′ ∈ V B, u 6= u′,
is another vertex (whose vertex homomorphism is therefore not changed by the move), we will say that this
A0-move is admissible with respect to u′.
Bass-Serre move A1. Let ϕ : B→ A be a morphism. Suppose f is an edge of B and that c ∈ Aϕ(f).
Let ϕ′ : B→ A be the graph of groups morphism obtained from ϕ as follows:
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(1) replace the edge homomorphism ϕf : Bf → Aϕ(f) by the homomorphism ϕ′f : Bf → Aϕ(f) given by
ϕ′f (x) = cϕf (x)c
−1 for all x ∈ Bf .
(2) replace the edge element oϕf ∈ Aα(ϕ(f)) by oϕ
′
f := o
ϕ
fαϕ(f)(c
−1) ∈ Aα(ϕ(f)).
(3) replace the edge element tϕf ∈ Aω(ϕ(f)) by tϕ
′
f := ωϕ(f)(c)t
ϕ
f ∈ Aω(ϕ(f)).
In this case we will say that ϕ′ is obtained from ϕ by an auxiliary move of type A1.
Lemma 2.8. Let ϕ : B → A be a graph of groups morphism and u0 ∈ V B with ϕ(u0) = v0. Suppose that the
morphism ϕ′ : B→ A is obtained from ϕ by an auxiliary move of type A1 or an auxiliary move of type A0 that
is admissible with respect to u0. Then ϕ∗ = ϕ′∗ : pi1(B, u0)→ pi1(A, v0).
Simple adjustment A2. Let ϕ : B→ A be a morphism. Suppose f is an edge of B and that b ∈ Bα(f).
We define a graph of groups B′ and a morphism ϕ : B′ → A as follows:
(1) B′ is obtained from B by replacing the boundary monomorphism αf : Bf → Bα(f) by the monomorphism
α′f : Bf → Bα(f) defined by α′f (x) = bαf (x)b−1 for all x ∈ Bf .
(2) ϕ′ : B′ → A is obtained from ϕ by replacing the edge element oϕf by oϕ
′
f := ϕα(f)(b)o
ϕ
f .
In this case we will say that ϕ′ : B′ → A is obtained from ϕ by an auxiliary move of type A2.
Lemma 2.9. Let ϕ : B→ A be a graph of groups morphism. If ϕ′ : B′ → A is obtained from ϕ by an auxiliary
move of type A2, then there exists a graph of groups isomorphism σ : B→ B′ such that ϕ′ ◦ σ = ϕ.
Proof. Suppose that ϕ′ is obtained from ϕ by an auxiliary move of type A2 applied to the edge f with element
b ∈ Bu where u := α(f). The assertion holds as ϕ = ϕ′ ◦σ where σ : B→ B′ is the graph of groups isomorphism
σ = (σ, {σu | u ∈ V B}, {σf | f ∈ EB}, {oσf | f ∈ EB}, {tσf | f ∈ EB})
where σ = IdB : B → B, σx = IdBx : Bx → Bx for all x ∈ V B∪EB, oσg = 1 for g 6= f and oσf = b−1 ∈ Bα(f). 
Remark 2.10 (Auxiliary moves of type A2 applied to graphs of groups with trivial edge groups). Let B be a
graph of groups with trivial edge groups and suppose that the morphism ϕ′ : B′ → A is obtained from ϕ by an
auxiliary move of type A2 applied to the edge f with element b ∈ Bu where u := α(f). From the description of
the move and the fact that all edges have trivial group in B, we see that the graph of groups B′ and B coincide.
Thus ϕ′ is a morphism from B to A. The previous lemma gives a graph of groups automorphism σ : B → B
such that ϕ′ ◦ σ = ϕ.
The image of a B-path under σ can easily be described as follows. Let q be an arbitrary B-path. Then q can
be written as q = q0(1, f, 1)ε1q1(1, f, 1)ε2q2 · . . . · ql−1(1, f, 1)εlql where εi = ±1 and the paths q0, q1, . . . , ql are
contained in the sub-graph of groups Bf ⊆ B carried by the sub-graph B − {f, f−1} of B. By the definition of
σ : B→ B, we see that
σ(q) = σ(q0(1, f, 1)
ε1q1(1, f, 1)
ε2q2 · . . . · ql−1(1, f, 1)εlql)
= σ(q0)σ(1, f, 1)
ε1σ(q1)σ(1, f, 1)
ε2σ(q2) · . . . · σ(ql−1)σ(1, f, 1)εlσ(ql)
= q0(b
−1, f, 1)ε1q1(b−1, f, 1)ε2q2 · . . . · ql−1(b−1, f, 1)εlql.
2.4. Folds and vertex morphisms. We will only discuss folding moves that are applicable to morphisms that
are not folded because either condition (F0) is not satisfied or condition (F1) is not satisfied. Moreover, we will
also restrict our attention to morphisms defined on graph of groups with trivial edge groups. In order to define
the main folding moves we first discuss elementary folds.
For the remainder of this section let B be a graph of groups with base vertex u0 such that Bf = 1 for all
edges f of B, and let ϕ : B→ A be a graph of groups morphism that maps u0 onto the base vertex v0 of A.
Elementary fold of type IA. Suppose f1 and f2 are edges of B with u := α(f1) = α(f2), ω(f1) 6= ω(f2) and
e := ϕ(f1) = ϕ(f2) such that a := o
ϕ
f1
= oϕf2 and b := t
ϕ
f1
= tϕf2 . Suppose further that ω(f1) = x and ω(f2) = y.
Clearly x and y are mapped by ϕ onto the vertex w := ω(e).
We define a graph of groups B′ and a morphism ϕ′ : B′ → A as follows.
(1) B′ is obtained from B by identifying the edges f1 and f2 into a single edge f , with trivial group, and
by identifying the vertices x and y into a single vertex z := ω(f) with group B′z := Bx ∗By.
(2) ϕ′ : B′ → A is given by
ϕ′ = (ϕ′, {ϕ′u | u ∈ V B}, {ϕf | f ∈ EB}, {oϕ
′
f | f ∈ EB}, {tϕ
′
f | f ∈ EB})
where the graph morphism ϕ′ : B′ → A is induced by ϕ : B → A, that is, ϕ′ ◦ σ = ϕ where
σ : B → B′ = B/[f1 = f2]
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is the quotient graph-morphism. The vertex homomorphism ϕ′z : B′z = Bx ∗By → Aw is the homomor-
phism induced by ϕx : Bx → Aw and ϕy : By → Aw. Finally, oϕ
′
f = a ∈ Av and tϕ
′
f = b ∈ Aw.
In this case we will say that ϕ′ : B′ → A is obtained from ϕ by an elementary fold of type IA.
Bu
Bx
By
B′u = Bu B
′
z = Bx ∗By
a
a
b
b
a bf
IA
f1
f2
Figure 6. An elementary fold of type IA.
Elementary fold of type IIIA. Suppose that f1 and f2 are edge of B with u := α(f1) = α(f2), x := ω(f1) = ω(f2)
and e := ϕ(f1) = ϕ(f2) such that a := o
ϕ
f1
= oϕf2 . Put b1 := t
ϕ
f1
and b2 := t
ϕ
f2
.
We define a graph of groups B′ and a morphism ϕ′ : B′ → A as follows.
(1) B′ is obtained from B by identifying the edges f1 and f2 into a single edge f , with trivial group, and
by replacing the vertex group Bx by the group B′x := Bx ∗ 〈bx | −〉.
(2) ϕ′ : B′ → A is given by
ϕ′ = (ϕ′, {ϕ′u | u ∈ V B}, {ϕf | f ∈ EB}, {oϕ
′
f | f ∈ EB}, {tϕ
′
f | f ∈ EB})
where the graph morphism ϕ′ : B′ → A is induced by ϕ : B → A, that is, ϕ′ ◦ σ = ϕ where
σ : B → B′ = B/[f1 = f2]
is the quotient graph-morphism. The vertex homomorphism ϕ′z : B′z → Aw is induced by the homo-
morphisms ϕx : Bx → Aw and the map bx 7→ b−11 b2. Finally, oϕ
′
f = a ∈ Av and tϕ
′
f = b1 ∈ Aw.
In this case we will say that ϕ′ : B′ → A is obtained from ϕ by an elementary fold of type IIIA.
f1
f2
Bx
B′x = Bx ∗ 〈bx | −〉
IIIA f
b1
b2
Bu
B′u = Bu
b1a
a
a
Figure 7. An elementary fold of type IIIA.
Following the lines of the proof of Proposition 4.15 of [5] we prove the following lemma.
Lemma 2.11. Let ϕ : B→ A be a graph of groups morphism and u0 ∈ V B with ϕ(u0) = v0. If ϕ′ : B′ → A is
obtained from ϕ by an elementary fold, then there exists a morphism σ : B → B′ such that (i) ϕ′ ◦ σ = ϕ and
(ii) σ∗ : pi1(B, u0)→ pi1(B′, σ(u0)) is an isomorphism.
Now we define moves that are applicable to morphisms that are not folded because either condition (F0) or
condition (F1) fails to hold. Assume first that ϕ : B → A is not folded because condition (F0) is not satisfied.
Thus there is a vertex u of B such that the vertex homomorphism ϕu : Bu → Aϕ(u) is not injective.
We define a graph of groups B′ and a morphism ϕ′ from B′ to A as follows:
(1) B′ is obtained from B by replacing the vertex group Bu by the group B′u := Bu/ ker(ϕu).
(2) ϕ′ : B′ → A is obtained from ϕ by replacing the vertex homomorphism ϕu : Bu → Aϕ(u) by the
homomorphism ϕ′u : B′u = Bu/ ker(ϕu)→ Aϕ(u) defined by the equation ϕ′u(ker(ϕu)x) = ϕu(x).
In this case we will say that the morphism ϕ′ : B′ → A is obtained from ϕ by a vertex morphism.
Lemma 2.12. Let ϕ : B → A be a graph of groups morphism. If ϕ′ : B′ → A is obtained from ϕ by a vertex
morphism, then there exists a pi1-surjective graph of groups morphism σ : B→ B′ such that ϕ′ ◦ σ = ϕ.
Proof. Te assertion holds as ϕ = ϕ′ ◦ σ where σ : B→ B′ is the pi1-surjective graph of groups morphism
σ = (σ, {σu | u ∈ V B}, {σf | f ∈ EB}, {oσf | f ∈ EB}, {tσf | f ∈ EB})
where σ = IdB : B → B, σx = IdBx : Bx → Bx for all x ∈ V B ∪ EB − {u}, σu is the projection Bu → B′u =
Bu/ ker(ϕu) and where oσf = 1 for all f ∈ EB. 
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Assume now that ϕ : B → A is not folded because condition (F1) is not satisfied. Thus there exist distinct
edges f1 and f2 of B with u := α(f1) = α(f2) and e := ϕ(f1) = ϕ(f1) such that oϕf2 = ϕu(b)o
ϕ
f1
αe(c) for some
b ∈ Bu and c ∈ Ae. Denote the vertex ϕ(u) by v and the vertices ω(f1) and ω(f2) by x and y respectively. Note
that x and y are mapped onto the same vertex w of A.
We will modify ϕ by means of auxiliary moves until we obtain a morphism in which an elementary fold can
be applied. Let ϕ′ : B → A be the morphism obtained from ϕ by an auxiliary move of type A2 applied to the
edge f2 with element b−1 ∈ Bu (Recall that we supposed that Bf = 1 for all f ∈ EB so that auxiliary moves
of type A2 do not change the graph of groups B, see Remark 2.10). Hence, oϕf2 is replaced by
oϕ
′
f2
= ϕu(b
−1)oϕf2 = ϕu(b
−1)ϕu(b)o
ϕ
f1
αe(c) = o
ϕ
f1
αe(c).
The edge element oϕ
′
f1
is equal to oϕf1 .
Let further ϕ′′ : B→ A be the morphism obtained from ϕ′ by an auxiliary move of type A1 applied to the edge
f2 with element c ∈ Ae. Thus, oϕ
′
f2
= oϕf1αe(c) is replaced by o
ϕ′′
f2
= oϕf1αe(c)αe(c
−1) = oϕf1 and t
ϕ′
f2
= tϕf2 ∈ Aw
is replaced by tϕ
′′
f2
= ωe(c)t
ϕ′
f2
= ωe(c)t
ϕ
f2
. Note that oϕ
′′
f1
= oϕ
′
f1
= oϕf1 and that t
ϕ′′
f1
= tϕ
′
f1
= tϕf1 .
If x = ω(f1) = ω(f2) = y, then define ϕ : B → A as the morphism obtained from ϕ′′ by an elementary fold
of type IIIA that identifies the edges f1 and f2. In this case we will say that ϕ is obtained from ϕ by a fold of
type IIIA.
If x = ω(f1) 6= ω(f2) = y then, possibly after exchanging f1 and f2, we can assume that y is not the base
vertex u0 of B. Let ϕ′′′ : B → A be the morphism obtained from ϕ′′ by an auxiliary move of type A0 applied
to the vertex y with element g := (tϕ
′′
f1
)−1tϕ
′′
f2
= (tϕf1)
−1ωe(c)t
ϕ
f2
. Thus tϕ
′′
f2
= ωe(c)t
ϕ
f2
is replaced by
tϕ
′′′
f3
= ωe(c)t
ϕ
f2
g−1 = tϕf1 ,
and the vertex homomorphism ϕ′′y = ϕy : By → Aw is replaced by ϕ′′′y = ig ◦ ϕy : By → Aw, where ig is the
inner automorphism of Aw determined by g.
Now we can apply an elementary fold of type IA to ϕ′′′ since oϕ
′′′
f2
= oϕ
′′′
f1
= oϕf1 and t
ϕ′′′
f2
= tϕ
′′′
f1
= tϕf1 . Let
ϕ : B→ A be the graph of groups morphism obtained from ϕ′′′ : B→ A by an elementary fold of type IA that
identifies the edges f1 and f2. In this case we will say that ϕ : B→ A is obtained from ϕ by a fold of type IA.
In both cases we will say that the morphism ϕ : B → A folds onto ϕ : B → A or that ϕ is obtained from ϕ
by a fold. The following lemma follows from Lemmas 2.8, 2.9 and 2.11.
Lemma 2.13. Let ϕ : B → A be a graph of groups morphism and u0 ∈ V B with ϕ(u0) = v0. If ϕ : B → A
is obtained from ϕ by a fold, then there exists a morphism σ : B → B such that (i) ϕ∗ ◦ σ∗ = ϕ∗ and (ii)
σ∗ : pi1(B, u0)→ pi1(B, σ(u0)) is an isomorphism.
3. Small orbifolds and decorated groups
In this section we will study homomorphisms from an arbitrary finitely generated group into the fundamental
group of a small orbifold, where we say that an orbifold is small if it is isomorphic to a Moebius band or to
F (p1, . . . , pr), where F is a sphere with q > 1 open disks removed and where 0 6 r 6 2 such that r = 2 if q = 1.
p1
p1
p2
Figure 8. Some small orbifolds.
For the remainder of this section let O be a small orbifold. Denote by δ1, . . . , δq the boundary components
of O. As in the introduction, the element of pio1(O) that corresponds to the curve δi is denote by ti.
Let G be an arbitrary group and η a homomorphism from G to pio1(O). A cyclic subgroup C ≤ G is called a
peripheral subgroup of type (oC , iC), where oC ∈ pio1(O) and iC ∈ {1, . . . , q}, if η(C) is a non-trivial subgrup of
oC〈tiC 〉o−1C . If additionally η(C) = oC〈tiC 〉o−1C ∩ η(G) then we say that C is a maximal peripheral subgroup of
type (oC , iC).
Definition 3.1 (Decorated groups). A decorated group over pio1(O) is a triple (G, η, {Gj}j∈J), where G is a
finitely generated group, η is a homomorphism from G to pio1(O), and {Gj}j∈J is a finite set of peripheral
subgroups of G indexed by J such that Gj is of type (oGj , iGj ) for j ∈ J .
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If the index set J of a decorated group (G, η, {Gj}j∈J) over pio1(O) is equal to {1, . . . , n} then we will also
denote (G, η, {Gj}j∈J) by (G, η, {Gj}16j6n) or by (G, η, {G1, . . . , Gn}).
Definition 3.2. A sub-decoration of a decorated group (G, η, {Gj}j∈J) is a decorated group of the type
(G, η, {Gj′}j′∈J′) where J ′ ⊆ J is a subset. If J ′  J is a proper subset then (G, η, {Gj′}j′∈J′) is called a
proper sub-decoration of (G, η, {Gj}j∈J).
If the index set J of a decorated group (G, η, {Gj}j∈J) is equal to {1, . . . , n} and if J ′ ⊆ J is equal to
{j′1, . . . , j′m} then we will also denote the sub-decoration (G, η, {Gj′}j′∈J′) alternatively by (G, η, {Gj′i}16i6m)
or by (G, η, {Gj′1 , . . . , Gj′m}).
Definition 3.3. Let (G, η, {Gj}j∈J) and (H,λ, {Hk}k∈K) be decorated groups over pio1(O). We say that
(G, η, {Gj}j∈J) is isomorphic to (H,λ, {Hk}k∈K)/(G, η, {Gj}j∈J) projects onto (H,λ, {Hk}k∈K), we write
(G, η, {Gj}j∈J) ∼= (H,λ, {Hk}k∈K) / (G, η, {Gj}j∈J) (H,λ, {Hk}k∈K),
if there is an isomorphism/epimorphism σ : G → H such that λ ◦ σ = η, and a bijection τ : J → K such that
for each index j ∈ J the following hold: (i) ij := iGj = iHτ(j) ∈ {1, . . . , q}, (ii) σ(Gj) = hjHτ(j)h−1j for some
hj ∈ Hτ(j), and oGj = λ(hj)oHτ(j)tzjij for some integer zj .
Definition 3.4. Let (G, η, {Gj}j∈J) be decorated group over pio1(O) and G0 a subgroup of G. We say that
(G, η, {Gj}j∈J) is G0-collapsible if the group G splits as G0 ∗j∈J Gj . If G0 ∩ ker(η) = 1, then we say that
(G, η, {Gj}j∈J) is strongly G0-collapsible. We will say that (G, η, {Gj}j∈J) is collapsible (strongly collapsible) if
it is G0-collapsible (strongly G0-collapsible) for some subgroup G0 of G.
Remark 3.5. Note that a decorated group (G, η, {Gj}j∈J) over pio1(O) is isomorphic to a (strongly) collapsible
decorated group over pio1(O) if, and only if, there is a subgroup G0 ≤ G (with G0 ∩ ker(η) = 1) and elements
gj ∈ G for j ∈ J such that G = G0 ∗j∈J gjGjg−1j .
Example 3.6 (Decorated group induced by an orbifold covering). If η′ : O′ → O is an orbifold covering and
pio1(O
′) is finitely generated (equivalently, O′ has compact core), then η defines a decorated group over pio1(O)
in the following way. Let δ′1, . . . , δ′n be the compact boundary components of O′ and C ′1, . . . , C ′n the subgroups
of pio1(O′) that correspond to the boundary components δ′1, . . . , δ′n respectively. Then (pio1(O′), η′∗, {C ′j}16j6n)
is a decorated group over pio1(O). We will say that (pio1(O), η′∗, {C ′j}16j6n) is induced by the orbifold covering
η′ : O′ → O. Note that (pio1(O′), η′∗, {C ′j}16j6n) is well defined up to equivalence of decorated groups and that
each C ′j is a maximal peripheral subgroup of pio1(O′).
Remark 3.7. The decorated group (pio1(O′), η′∗, {C ′j}16j6n) is strongly collapsible if and only if the orbifold
covering η′ has infinite degree. Also, any proper sub-decoration of (pio1(O′), η′∗, {C ′j}16j6n) is strongly collapsible.
We will need the following result whose proof follows immediately from the theory of orbifold coverings.
Lemma 3.8. Let (G, η, {Gj}j∈J) be a strongly collapsible decorated group over pio1(O). If η is injective, then
there is an orbifold covering η′ : O′ → O such that (G, η, {Gj}j∈J) is isomorphic to a sub-decoration of the
decorated group (pio1(O′), η′∗, {C ′j}16j6n) induced by η′.
Example 3.9. Let η′ : O′ → O be an almost orbifold covering with exceptional point x of order p > 1,
exceptional disk D and exceptional boundary component δ′ ⊆ ∂O′. Let further d be an integer such that
1 6 d = |〈sx〉 : 〈sdx〉| 6 |〈sx〉| = p (recall that sx is the element of pio1(O) that is represented by the curve ∂D).
Suppose that ∂O′ = δ′1 ∪ . . . ∪ δ′n ∪ δ′. We have the following decorated groups over pio1(O).
Decorated group induced by η′. For each j there is some ij ∈ {1, . . . , q} such that η′ maps δ′j onto the
boundary component δij of O. Denote by C ′j the subgroup of pio1(O′) that corresponds to δ′j . Then C ′j is
a peripheral subgroup of pio1(O′). We say that the decorated group (pio1(O′), η′∗, {C ′j}16j6n) is induced by
the almost orbifold covering η′ : O′ → O. Again (pio1(O′), η′∗, {C ′j}16j6n) is well defined up to equivalence
of decorated groups.
Adjoining a finite subgroup. The element represented by the exceptional boundary component δ′ is mapped
by η′∗ onto gskxg−1 for some g ∈ pio1(O), where k is the degree of the map η′|δ′ : δ′ → ∂D. Let
λ : pio1(O
′) ∗ g〈sdx〉g−1 → pio1(O)
be the homomorphism induced by η′∗ : pio1(O′)→ pio1(O) and the inclusion map g〈sdx〉g−1 ↪→ pio1(O). Then
the decorated group (pio1(O′) ∗ g〈sdx〉g−1, λ, {C ′j}16j6n) is said to be obtained from the decorated group
induced by η′ by adjoining a finite subgroup. Note that if d = |〈sx〉| then 〈sdx〉 is trivial, and therefore
(pio1(O
′) ∗ g〈sdx〉g−1, λ, {C ′j}16j6n) is equal to the decorated group induced by η′.
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Remark 3.10. The decorated group (pio1(O′), η′∗, {C ′j}16j6n) is strongly collapsible since O′ has non-empty bound-
ary. Consequently any decorated group that is obtained from (pio1(O′), η′∗, {C ′j}16j6n) by adjoining a finite
subgroup is collapsible.
Definition 3.11. Let (G, η, {Gj}j∈J) be a strongly G0-collapsible decorated group over pio1(O).
(1) We say that (G, η, {Gj}j∈J) folds peripheral subgroups if there are distinct elements k, l ∈ J with
i := iGk = iGl such that oGl = η(g)oGktzi for some integer z and some g ∈ G0 ∗j∈J−{l} Gj .
(2) We say that (G, η, {Gj}j∈J) has an obvious relation if there is some k ∈ J such that
0 < |oGk〈tiGk 〉o−1Gk : (η(G) ∩ oGk〈tiGk 〉o−1Gk)| < |oGk〈tiGk 〉o−1Gk : η(Gk)|
where G = G0 ∗j∈J−{k} Gj .
For a finitely generated group G we define the torsion of G, tn(G), as the number of conjugacy classes of
maximal finite subgroups of G. For example, for a compact orbifold O = F (p1, . . . , pr) we have tn(pio1(O)) = r.
It is not hard to see that if a strongly collapsible decorated group (G, η, {Gj}j∈J) projects onto a decorated
group that folds peripheral subgroups or has an obvious relation, or if (G, η, {Gj}j∈J) is isomorphic to the a
decorated group obtained from the decorated group induced by an almost orbifold covering by adjoining a finite
subgroup, then clearly the homomorphism η : G→ pio1(O) is not injective. Next Proposition, which is the main
ingredient to prove Theorem 1.8, shows that a stronger converse of this remark holds.
Proposition 3.12. Let O be an orientable small orbifold and (G, η, {Gj}j∈J) a strongly collapsible decorated
group over pio1(O). If the homomorphism η : G→ pio1(O) is not injective, then one of the following holds:
(α) (G, η, {Gj}j∈J) projects onto a strongly collapsible decorated group (H,λ, {Hk}k∈K) over pio1(O) such
that one of the following three conditions holds:
(α.1) (H,λ, {Hk}k∈K) folds peripheral subgroups.
(α.2) (H,λ, {Hk}k∈K) has an obvious relation.
(α.3) rk(H) < rk(G) or rk(H) = rk(G) and tn(H) > tn(G).
(β) There is a special almost orbifold covering η′ : O′ → O such that (G, η, {Gj}j∈J) is isomorphic to a
decorated group over pio1(O) that is obtained from the decorated group induced by η′ by adjoining a finite
subgroup.
The proof the proposition is rather long and the main idea is to identity the fundamental group of O with a
graph of groups and then analyze the non-injectivity of η using folds of graphs of groups morphisms. To avoid
a lengthy interruption of the proof of the main theorem we will postpone the proof Proposition 3.12 to the end
of the paper.
4. Proof of Theorem 1.8
Let O be a sufficiently large orbifold and T0 a generating tuple of pio1(O). We want to find a special almost
orbifold covering η′ : O′ → O and a generating tuple T′ of pio1(O′) such that η′∗(T′) is Nielsen equivalent to T0.
The proof of the theorem is organized as follows:
(1) In subsection 4.1 we will fix an identification between the fundamental group of O and the fundamental
groups of a graph of groups A with cyclic edge groups. We then consider marked morphisms over A.
This are triples ((B, u0), ϕ,T) consisting of a graph of groups B, a morphism ϕ : B → A with special
properties, and a generating tuple of the fundamental group of B. The idea is that the morphism ϕ will
“approximate" an almost orbifold covering of O.
(2) In subsection 4.2 we consider the set Ω(T0) consisting of all marked morphisms ((B, u1), ϕ,T) with
the property that ϕ∗(T) is Nielsen equivalent to T0. Then we consider the set Ωmin(T0) of all marked
morphisms in Ω(T0) with minimal c-complexity.
(3) In subsection 4.3 we will prove, among other things, that if a marked morphism ((B, u0), ϕ,T) lies in
Ωmin(T0) then ϕ can not violate condition (F1) of the definition of folded morphisms.
(4) In subsection 4.4 we show that there is at least one marked morphism ((B, u0), ϕ,T) in Ωmin(T0) such
that ϕ is not vertex injecive.
(5) In subsetction 4.5, using Proposition 3.12, we show that a non-vertex injective marked morphism in
Ωmin(T0) that has the smallest d-complexity gives rise to a special almost orbifold covering η′ : O′ → O
and a tuple T′ with the desired properties.
4.1. Splitting the fundamental group of a sufficiently large orbifold and marked morphisms. Let
O = F (p1, . . . , rO) be a sufficiently large orbifold. Then there is a non-empty (nonunique) collection γ1, . . . , γt
of disjoint simple closed curves on O such that the following hold:
(1) The closure of each component of O− γ1 ∪ γ2 ∪ . . . ∪ γt is a small orbifold.
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(2) For each 1 6 i 6 t, the boundary components of a small regular neighborhood N(γi) ∼= γi × [−1, 1] of
γi are contained in distinct components of O− γ1 ∪ γ2 ∪ . . . ∪ γt.
2
2
γ1
γ2
γ3
2
2 γ′1
γ′2
Figure 9. Two splittings of O = T 2(2, 2).
For the remainder of this section A = A(O, γ1, . . . , γt) will denote the graph of groups with pi1(A, v0) ∼= pio1(O)
corresponding to the above decomposition of O, where v0 is the base vertex of A. Thus all vertex groups of
A carry the fundamental group of a sub-orbifold (small orbifold) of O, all edge groups of A are infinite cyclic,
and the images of the boundary monomorphisms correspond to the peripheral subgroups. More precisely,
Av = 〈av, tv,1 | a2v = tv,1〉 if the vertex orbifold Ov is isomorphic to a Moebius band and
Av = 〈sv,1, . . . , sv,rv , tv,1, . . . , tv,qv | spv,1v,1 , . . . , spv,rvv,rv , sv,1 · . . . · sv,rv = tv,1 · . . . · tv,qv 〉
for the remaining cases, where:
(a) rv = rOv = tn(pio1(Ov)) > 0 is the number of cone points of Ov.
(b) pv,1, . . . , pv,rv are the oreders of the cone points of Ov.
(c) qv = qOv > 1 is the number of boundary components of Ov.
For each e ∈ EA the edge group Ae is generated by the homotopy class ae of some of the closed curves γ1, . . . , γt.
The boundary monomorphism αe : Ae → Aα(e) is defined by αe(ae) = tεeα(e),ie for some εe ∈ {±1} and some
ie ∈ {1, . . . , qα(e)}. Moreover, for any vertex v ∈ V A and any 1 6 i 6 qv there is exactly one edge e with
α(e) = v such that ie = i.
Definition 4.1 (Marked Morphisms). A marked morphism over A is a triple ((B, u0), ϕ,T), where
(1) B is a connected graph of finitely generated groups and u0 is a vertex of B such that the fundamental
group of B with respect to u0 (hence with respect to any vertex) splits as a free product of cyclic groups.
(2) ϕ is a morphism from B to A with ϕ(u0) = v0 that has the following properties:
(2.i) Edge homomorphisms are injective, that is, ϕf : Bf → Aϕ(f) is injective for all f ∈ EB.
(2.ii) If u ∈ V B is such that ϕu : Bu → Aϕ(u) is injective, then there is an orbifold covering
η′u : O
′
u → Oϕ(u)
such that (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is isomorphic to a sub-decoration of the decorated group
induced by η′u, where St1(u,B) := {f ∈ EB | α(f) = u and Bf 6= 1}, see Fig. 10.
(2.iii) If u ∈ V B is such that ϕu : Bu → Aϕ(u) is not injective, then St1(u,B) 6= ∅ and the decorated
group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is isomorphic to a strongly collapsible decorated group over
Aϕ(u).
(3) T is a generating tuple of pi1(B, u0).
Bf3 = 1
Bf1
Buαf1
Bf2αf2
αf3
f3
f1
f2
Figure 10. St1(u,B) = {f1, f2} and St(u,B) = {f1, f2, f3}.
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Remark 4.2. Condition (2.i) implies that all edge groups in B are either trivial or infinite cyclic. Item (5)
of the definition of graph of groups morphisms further implies that ϕu(αf (Bf )) is a non-trivial subgroup of
ofαϕ(f)(Aϕ(f))o
−1
f which in turn is equal to of 〈tϕ(α(f)),iϕ(f)〉o−1f . Hence αf (Bf ) is a peripheral subgroup of
Bα(f) of type (of , iϕ(f)).
Remark 4.3. Let δ′u,1, . . . , δ′u,nu be the compact boundary components of the orbifold O
′
u given in item (2.ii), and
C ′u,j the corresponding (maximal) peripheral subgroup of pio1(O′u). The condition that (Bu, ϕu, {αf (Bf )}f∈St1(u,B))
is isomorphic to a sub-decoration of the decorated group induced by η′u means that there is a possibly empty
subset {ku,1, . . . , ku,mu} of {1, . . . , nu} such that
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) ∼= (pio1(O′u), (η′u)∗, {C ′u,ku,j}16j6mu).
Remark 4.4. Item (2.iii) is equivalent to saying that there are elements bf ∈ Bu, for f ∈ St1(u,B), and a
subgroup Cu of Bu, which intersects ker(ϕu) trivially, such that the vertex group Bu splits as
Bu = Cu ∗f∈St1(u,B) bfαf (Bf )b−1f .
Example 4.5. An almost orbifold covering η′ : O′ → O naturally induces a morphism over A for which
conditions (2.i)-(2.iii) are satisfied. Indeed, the inverse image of the simple closed curves γ1, . . . , γt under η′ are
simple closed curves γ′1, . . . , γ′t′ in O
′. Let B = B(O′, γ′1, . . . , γ′t′) be the graph of groups with pi1(B, u0) ∼= pio1(O′)
corresponding to the decomposition of O′ along γ′1, . . . , γ′t′ . Let further ϕ : B → A be the graph-morphism
induced by η′ (that is, for each vertex u of B, ϕ(u) is the vertex of A such that η′(O′u) = Oϕ(u), and for each
edge f of B, ϕ(f) is the edge of A such that η′(γ′f ) = γϕ(f)).
η′
2 2 2 2n+ 1
rotaion by pi
γ1γ′1
γ′2
Figure 11. The exceptional point of η′ is the cone point of order 2n+ 1.
Then ϕ : B→ A is defined by ϕ = (ϕ, {ϕu | u ∈ V B}, {ϕf | f ∈ EB}, {of | f ∈ EB}, {tf | f ∈ EB}) where:
(1) ϕu : Bu → Aϕ(u) is induced by η′|O′u : O′u → Oϕ(u) for all u ∈ V B.
(2) ϕf : Bf → Aϕ(f) is induced by η′|γ′f : γ′f → γϕ(f) for all f ∈ EB.
(3) of ∈ Aα(ϕ(f)) is such that ϕα(f)(αf (Bf )) = ofαϕ(f)(ϕf (Bf ))o−1f for all f ∈ EB.
Fig. 12 shows the morphism induced by the almost orbifold covering η depicted in Fig 11. Notice that we can
always assume that the exceptional point of η is contained in the interior of some vertex orbifold Ov ⊆ O. Thus
there is a vertex u′ of B such that η′|O′
u′
: O′u′ → Oϕ(u) is an almost orbifold covering and hence the vertex
homomorphism ϕu′ is not injective. Therefore the morphism ϕ is not vertex injective.
f1
f2 e1 v1v0
ϕ
2 2 2 2n+ 1
Ov0 Ov1
u0 u1
O′u0 O′u1 γ1
γ′1
γ′2
Figure 12. The morphism induced by η′ where of1 = 1, tf1 = 1, of2 = sv1,1 and tf2 = sv2,1.
Lemma 4.6. Let ((B, u0), ϕ,T) be a marked morphism over A. Suppose that ϕ is vertex injective. If ϕ is not
folded, then one of the following conditions holds:
(F1) There are distinct edges f and g starting at the same vertex u with e := ϕ(f) = ϕ(g) such that Bf = 1
or Bg = 1 and that og = ϕu(b)ofαe(c) for some b ∈ Bu and c ∈ Ae.
(F2) There is an edge f ∈ EB with Bf = 1 such that α−1ϕ(f)(o−1f ϕα(f)(Bα(f))of ) ≤ Aϕ(f) is non-trivial.
Proof. As ϕ is not is not folded, one of the conditions (F0)-(F2) of the definition of folded morphisms is violated.
By hypothesis ϕ is vertex injective, and hence one of the following holds:
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(F1) There are distinct edges f and g with u := α(f) = α(g) and e := ϕ(f) = ϕ(g) such that og =
ϕu(b)ofαe(c) for some b ∈ Bu and c ∈ Ae.
(F2) There is an edge f ∈ EB such that ϕf (Bf ) is a proper subgroup of α−1ϕ(f)(o−1f ϕα(f)(Bα(f))of ).
Since ϕu is injective it follows from Condition (2.ii) that for distinct edges f and g in St1(u,B), the peripheral
subgroups αf (Bf ) and αg(Bg) of Bu correspond to distinct boundary components of the orbifold O′u. This
implies that: (i) the (ϕu(Bu), αe(Ae))-double cosets ϕu(Bu)ogαe(Ae) and ϕu(Bu)ofαe(Ae) are distinct, and (ii)
ϕf (Bf ) = α
−1
e (o
−1
f ϕu(Bu)of ). Therefore if ϕ is not folded then either (F1) occurs or (F2) occurs. 
For a graph of groups B, we denote by |B|c the number of edge pairs of the underlying graph of B that have
non-trivial edge group, that is, |B|c := 12 |{f ∈ EB | Bf 6= 1}|.
Lemma 4.7. Let ((B, u0), ϕ,T) be a marked morphism over A. If |B|c > 1, then there exists a vertex u of B with
St1(u,B) 6= ∅ such that the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is isomorphic to a strongly collapsible
decorated group over Aϕ(u).
Proof. Suppose that the result does not hold. Denote by B1 the sub-graph of B having vertex set V1 := {u ∈
V B | St1(u,B) is non-empty} and edge set E1 := {f ∈ EB | Bf 6= 1}. Choose a component B′ ⊆ B1 of B1
and a vertex u′0 ∈ V B′. Denote by B′ = B(B′) the sub-graph of groups of B carried by the sub-graph B′ ⊆ B.
Since pi1(B, u′0) ∼= pi1(B, u0) splits as a free product of cyclic groups, Kurosh subgroup Theorem [6] implies that
the subgroup pi1(B′, u′0) ≤ pi1(B, u′0) splits as a free product of cyclic groups.
On the other hand, let ϕ′ be the restriction of the morphism ϕ to B′. Then ϕ′ : B′ → A satisfies conditions
(2.i)-(2.iii) of Definition 4.1. Since the decorated group
(B′u, ϕ
′
u, {α′f (B′f )f∈St1(u,B′)) = (Bu, ϕu, {αf (Bf )f∈St1(u,B))
is not isomorphic to a strongly collapsible decorated group, it follows that the following hold: (i) ϕ′u is injective,
(ii) the orbifold covering ηu : O′u → Oϕ(u) given in (2.ii) has finite degree, and (iii) (B′u, ϕ′u, {α′f (B′f )}f∈St1(u,B′))
is isomorphic to the decorated group induced by ηu. Therefore pi1(B′, u′0) is isomorphic to the fundamental
group of a closed 2-orbifold, and so cannot split as a free product of cyclic groups. This contradiction completes
the proof of the lemma. 
Now we define the c-complexity and the d-complexity of a marked morphism. Denote the rank of pi1(B, u0)
by rk(B) and the torsion of pi1(B, u0) by tn(B). Throughout the paper we will always assume that the set
Nk0 = N0 × . . .× N0 is equipped with the lexicographic order.
Definition 4.8. Let ((B, u0), ϕ,T) be a marked morphism over A .
(c-complexity) We define the c-complexity of ((B, u0), ϕ,T) as the tuple
c((B, u0), ϕ,T) := (rk(B), rk(B)− tn(B), |EB|).
(d-complexity) We define the d-complexity of ((B, u0), ϕ,T) as the pair
d((B, u0), ϕ,T) := (|B|c, cE(ϕ))
where cE(ϕ) := 12
∑
f∈EB,Bf 6=1 |Aϕ(f) : ϕf (Bf )|.
Remark 4.9. Note that the c-complexity takes into account only the graph of groups in a marked morphism.
More precisely, if ((B, u0), ϕ,T) and ((B′, u′0), ϕ′,T′) are marked morphism such that the underlying graphs and
the fundamental groups of B and B′ are isomorphic, then they have the same c-complexity. On the d-complexity
we see that the cE factor is related to the morphism ϕ in ((B, u0), ϕ,T).
4.2. The sets Ω(T0) and Ωmin(T0). Using the splitting of pio1(O) as the fundamental group of the graph of
groups A we can think of T0 = (g1, . . . , gm) as a tuple in pi1(A, v0). The idea is to use marked morphisms over
A to get a better understanding of the Nielsen equivalence class of T0. Thus we consider the set, Ω(T0), of all
marked morphisms ((B, u0), ϕ,T) over A with the property that the tuple ϕ∗(T) is Nielsen equivalent to T0.
Remark 4.10. The condition that ϕ∗(T) and T0 are Nielsen equivalent implies that the morphism ϕ : B → A
is pi1-surjective, and that size(T0) = size(T) > rk(B). By definition, pi1(B, u0) splits as G1 ∗ . . . ∗Grk(B) where
G1, . . . , Grk(B) are cyclic subgroups of pi1(B, u0). Consequently, by applying Grushko’s theorem we see that T is
reducible if rk(B) < size(T).
Remark 4.11. Notice that if ((B, u0), ϕ,T) is a marked morphism, then the homomorphism ϕ∗ induced by ϕ
is not injective. This follows from the fact that pi1(A, v0) is isomorphic to the fundamental group of a closed
orbifold, and therefore does not split as a free product of cyclic groups. As a consequence we see that ϕ is not
folded.
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We first observe that the set Ω(T0) is non-empty. Indeed, for each 1 6 i 6 m, we can represent the element
gi by a non-necessarily reduced A-path pi = ai,0, ei,1, ai,1, . . . , ai,ki−1, ei,ki , ai,ki from v0 to v0 of positive length.
Then the marked morphism ((B, u0), ϕ,T) shown in Fig. 13 belongs to Ω(T0), where T = (x1, . . . , xm) and where
xi is represented by the B-path qi.
q1
qm
f1,1
f1,k1
f1,k1−1
f1,2
fm,1
fm,2
fm,km
fm,km−1u0
Figure 13. Vertex and edge groups of B are trivial. ϕ : B → A maps the edge fi,j onto ei,j ,
and for each 1 6 i 6 m, oϕfi,1 = ai,0 and o
ϕ
fi,j
= 1 for 1 6 j 6 ki, tϕfi,j = ai,j for 1 6 j 6 ki.
Now we define some modifications on elements of Ω(T0). We start with a partial vertex morphism. Let
((B, u0), ϕ,T) be a marked morphism in Ω(T0) and u a vertex of B with v := ϕ(u). Suppose that St1(u,B) is
non-empty and that the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is strongly collapsible. Suppose further
that (H,λ, {Hk}k∈K) is a strongly collapsible decorated group over Av such that
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) (H,λ, {Hk}k∈K).
We will define a new marked morphism ((B′, u0), ϕ′,T′) over A that still belongs to Ω(T0) as follows.
By definition, there is an epimorphism ψ : Bu → H such that λ ◦ ψ = ϕu, and there is a bijection τ :
St1(u,B) → K such that for each f ∈ St1(u,B) the following hold: (i) if := iϕ(f) = iHτ(f) ∈ {1, . . . , qv}, (ii)
ψ(αf (Bf )) = afHτ(f)a
−1
f for some af ∈ Hτ(f), and (iii) of = λ(af )oHτ(f)tzfif for some integer zf .
Let B′ be the graph of groups obtained from B by replacing the vertex group Bu by the group B′u := H, and
by replacing the boundary monomorphism αf : Bf → Bu by the monomorphism α′f : B′f = Bf = 〈bf 〉 → B′u
defined by α′f (bf ) = hτ(f), where hτ(f) is a generator of the peripheral subgroup Hτ(f) ≤ H = B′u.
Note that B and B′ have the same underlying graphs. Moreover, the fundamental group of B′ splits as a
free product of cyclic groups as B′ and B only differ at the vertex u, and at this vertex the decorated groups
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) and (B′u, ϕ′u, {α′f (B′f )}f∈St1(u,B′)) are strongly collapsible.
Let ϕ′ : B′ → A be the morphism obtained from ϕ by replacing the vertex homomorphism ϕu : Bu → Av by
the homomorphism ϕ′u := λ : B′u → Av, and by replacing the edge element of by oϕ
′
f := oHτ(f) ∈ Av.
Claim 4.12. The morphism ϕ′ satisfies conditions (2.i)-(2.iii).
Proof of Claim. We only need to look at the vertex u as the reaming vertices do not change. If ϕ′u is not
injective, then (2.iii) is satisfied since the decorated group (B′u, ϕ′u, {α′f (B′f )}f∈St1(u,B′)) is strongly collapsible.
If ϕ′u is injective, then Lemma 3.8 implies that (B′u, ϕ′u, {α′f (B′f )}f∈St1(u,B′)) is isomorphic to a sub-decoration
of the decorated group induce by some orbifold covering over the vertex orbifold Ov, that is, (2.ii) holds at the
vertex u. 
Claim 4.13. There is a pi1-surjective morphism σ : B→ B′ such that ϕ′ ◦ σ = ϕ.
Proof of Claim. Define σ : B→ B′ by
σ = (σ, {σu | u ∈ V B}, {σf | f ∈ EB}, {oσf | f ∈ EB}, {tσf | f ∈ EB})
where σ = IdB : B → B, vertex homomorphisms are given by σw = IdBw : Bw → Bw = B′w if w 6= u and
σu = ψ : Bu → B′u, edge homomorphisms are given by σf = IdBf : Bg → Bf fr all f ∈ EB, and where edge
elements are given by oσg = 1 for g /∈ St1(u,B) and oσg := aτ(g) ∈ B′u for g ∈ St1(u,B). 
Put T′ := σ∗(T). From the previous claim we see that ϕ′∗(T′) is equal to ϕ∗(T). The tuple ϕ∗(T) is Nielsen
equivalent to T0 and so ϕ∗(T′) is also Nielsen equivalent to T0. Thus ((B′, u0), ϕ′,T′) is a marked morphism
over A that belongs to Ω(T0). We will say that ((B′, u0), ϕ′,T′0) is obtained from ((B, u0), ϕ,T) by replacing the
decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) by the decorated group (H,λ, {Hk}k∈K).
Since σ∗ : pi1(B, u0)→ pi1(B′, u0) is surjective, and B and B′ have the same underlying graphs, it follows that
c((B′, u0), ϕ′,T′) 6 c((B, u0), ϕ,T).
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Furthermore, as edge groups/homomorphisms do not change, we further conclude that the d-complexity does
not change. We will need the following lemma.
Lemma 4.14. If rk(H) < rk(Bu) or if rk(H) = rk(Bu) and tn(H) > tn(Bu), then
c((B′, u′0), ϕ′,T′) < c((B, u0), ϕ,T).
Proof. Let Cu ≤ Bu and C ′u ≤ B′u such that (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is strongly Cu-collapsible and that
(B′u, ϕ
′
u, {α′f (B′f )}f∈St1(u,B′)) is strongly C ′u-collapsible. The rank and the torsion of the groups Bu and B′u are
given by:
(1) rk(Bu) = rk(Cu) + n and tn(G) = tn(G0);
(2) rk(B′u) = rk(C ′u) + n and tn(B′u) = tn(C ′u);
where n = |St1(u,B)| = |St1(u,B′)|. Consequently, we either have rk(Cu) < rk(C ′u) or rk(Cu) = rk(C ′u) but
tn(Cu) < tn(C ′u). Now, the rank and the torsion of B and B′ are related by
rk(B)− rk(B′) = rk(Cu)− rk(C ′u) and tn(B)− tn(B′) = tn(Cu)− tn(C ′u).
Therefore c((B′, u0), ϕ′,T′) is smaller than c((B, u0), ϕ,T), which completes the proof of the lemma. 
Let (n1, n2, n3) ∈ N30 be the minimum of the c-complexity map c : Ω(T0)→ N30. Denote the subset
c−1(n1, n2, n3) ⊆ Ω(T0)
of Ω(T0) by Ωmin(T0), that is, Ωmin(T0) consists of all marked morphisms in Ω(T0) that have minimal c-
complexity.
Now we describe the effect of auxiliary moves on marked morphisms. All the moves take as input an element
of Ωmin(T0) and give as output a new element in Ωmin(T0). Let ((B, u0), ϕ,T) ∈ Ωmin(T0).
Auxiliary moves of type A0 and A1. Suppose that the morphism ϕ′ : B → A is obtained from ϕ by an
auxiliary move of type A1 or by an auxiliary move of type A0 that is u0-admissible. By Lemma 2.8, the induced
homomorphisms ϕ′∗ and ϕ∗ coincide, and so ϕ′∗(T) = ϕ∗(T). We need to check that conditions (2.i)-(2.iii) hold.
This follows easily from the description of these moves since edge groups/homomorphisms do not change (edge
groups in A are abelian) and for each vertex u of B we have
(Bu, ϕ
′
u, {αf (Bf )}f∈St1(u,B)) ∼= (Bu, ϕu, {αf (Bf )}f∈St1(u,B)).
We will say that ((B, u0), ϕ′,T) is obtained from ((B, u0), ϕ,T) by an auxiliary move of type A0 or by an auxiliary
move of type A1, accordingly. Clearly ((B, u0), ϕ′,T) belongs to Ωmin(T0).
Auxiliary moves of type A2. Suppose that the morphism ϕ′ : B′ → A is obtained from ϕ by an auxiliary
move of type A2. Lemma 2.8 gives a graph of groups isomorphism σ : B → B′ such that ϕ′ ◦ σ = ϕ. Thus
pi1(B′, σ(u0)) splits as a free product of cyclic group and the tuple T′ := σ∗(T) generates pi1(B′, σ(u0)). To
conclude that ((B′, u0), ϕ′,T′) is indeed a marked morphism we need to show that ϕ′ satisfies conditions (2.i)-
(2.iii) of Definition 4.1. But this is trivial since the description of the fold implies that
(B′σ(u), ϕ
′
σ(u), {α′f (B′f )}f∈St1(σ(u),B′)) ∼= (Bu, ϕu, {αf (Bf )}f∈St1(u,B′))
for all vertices of of B. We will say that the marked morphism ((B′, u0), ϕ′,T′) is obtained from ((B, u0), ϕ,T)
by an auxiliary move of type A2. Clearly ((B′, u0), ϕ′,T′) belongs to Ω(T0). As B′ and B have isomorphic
fundamental groups and the same underlying graphs, we further see that ((B′, u0), ϕ′,T′) belongs to Ωmin(T0).
Finally notice that the d-complexity is invariant under auxiliary moves since edge groups and edge homo-
morphisms do not change in any of these moves.
4.3. Some properties of the elements of Ωmin(T0). Let ((B, u0), ϕ,T) be an element of Ωmin(T0) and u a
vertex of B. Suppose that the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is strongly collapsible. Thus Bu
splits as Bu = Cu ∗f∈St1(u,B) αf (Bf ) where Cu is a subgroup of Bu that has trivial intersection with the kernel
of ϕu. Let g be an edge starting at u with non-trivial group. We construct a new marked morphism as follows.
Let B′ be the graph of groups obtained from B by replacing the vertex group Bu by the group
B′u := Cu ∗f∈St1(u,B)−{g} αf (Bf ),
and by replacing the edge group Bg by the trivial group B′g := 1.
Let ϕ′ : B′ → A be the morphism obtained from ϕ : B → A by replacing the vertex homomorphism
ϕu : Bu → Aϕ(u) by the homomorphism ϕ′u := ϕu ◦ ιu, where ιu : B′u ↪→ Bu is the inclusion map.
Note that the underlying graph of B′ is equal to the underlying graph of B. Moreover, edge elements do not
change, that is, oϕ
′
f = o
ϕ
f for all f ∈ EB′ = EB. The morphism ϕ′ : B′ → A satisfies conditions (2.i)-(2.iii) of
Definition 4.1 since
(B′w, ϕ
′
w, {α′f (B′f )}f∈St1(w,B′)) = (Bw, ϕw, {αf (Bf )}f∈St1(w,B))
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for all w 6= u and (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is replaced by
(B′u, ϕ
′
u, {α′f (B′f )}f∈St1(u,B′)) = (B′u, ϕ′u = ϕu ◦ ιu, {αf (Bf )}f∈St1(u,B)−{g}).
Claim 4.15. There is a morphism σ : B′ → B such that (i) σ∗ : pi1(B′, u0)→ pi1(B, u0) is an isomorphism and
(ii) ϕ ◦ σ = ϕ′.
Proof of Claim. Indeed, consider the morphism σ : B′ → B defined by
σ = (σ, {σu | u ∈ V B}, {σf | f ∈ EB}, {oσf | f ∈ EB}, {tσf | f ∈ EB})
where σ = IdB : B → B, σx = IdBx : Bx → Bx for all x ∈ V B ∪ EB − {u} and σu : B′u → Bu is the inclusion
map B′u ↪→ Bu, and where oσf = 1 for all f ∈ EB. 
It follows from item (i) that pi1(B′, u0) splits as a free product of cyclic groups and that the tuple T′ := σ−1∗ (T)
generates pi1(B′, u0). Item (ii) further implies that ϕ′∗(T′) is equal to ϕ∗(T). Thus ((B′, u0), ϕ′,T) is a marked
morphism over A. We will say that ((B′, u0), ϕ′,T) is obtained from ((B, u0), ϕ,T) by unfolding along the edge
g. We have the following result.
Lemma 4.16. The marked morphism ((B′, u0), ϕ′,T) belongs to Ωmin(T0) and |B′|c = |B|c − 1.
Lemma 4.17. If there is a marked morphism ((B, u0), ϕ,T) in Ωmin(T0) such that an elementary fold is appli-
cable to ϕ, then there there is a marked morphism ((B′, u′0), ϕ′,T′) in Ωmin(T0) such that (i) all edge groups of
B′ are trivial, and (ii) an elementary fold is applicable to ϕ′.
Proof. Our assumption on ϕ means that there are distinct edges f and g of B with same initial vertex and
ϕ(f) = ϕ(g) such that of = og (and tf = tg if ω(f) 6= ω(g)). By Lemma 4.6, we can assume that the edge g
has trivial group in B. Assume further that the elementary fold is of type IIIA, i.e. ω(f) = ω(g). The case of
an elementary fold of type IA is handled similarly.
It follows from Lemma 4.7 that there is a vertex u of B such that St1(u,B) is non-empty and that the decorated
group (Bu, ϕu, {αh(Bh)}h∈St1(u,B)) is isomorphic to a strongly collapsible decorated group over Aϕ(u). Thus,
after applying auxiliary moves of type A2 to the edges in St1(u,B), we can assume that
(Bu, ϕu, {αh(Bh)}h∈St1(u,B))
is strongly collapsible. But we apply this moves in such a way that, if an auxiliary move of type A2 is applied
to the edge f with element b (this only occurs if f ∈ St1(u,B)), then we also apply an auxiliary move of type
A2 to the edge g with element b. Doing in this way, we still have of = og after this A2 move.
Finally, let ((B1, u0), ϕ1,T1) be the marked morphism obtained from ((B, u0), ϕ,T) by unfolding along an
arbitrary edge of St1(x,B). Thus, ((B1, u0), ϕ1,T1) belongs to Ωmin(T0). Moreover, an elementary fold is still
applicable to the edges f and g. Since the number of edge pairs with non-trivial group decreases by one, we see
that repeating this argument |B|c-times we obtain an element of Ωmin(T0) with the desired properties. 
Lemma 4.18. No element of Ωmin(T0) violates condition (F1) of Definition 2.5.
Proof. Suppose that there is a marked morphism ((B, u0), ϕ,T) in Ωmin(T0) such that ϕ violates condition (F1)
of the definition of folded morphisms. We will derive a contradiction by showing that this implies the existence
of a marked morphism in Ω(T0) with c-complexity strictly smaller than (n1, n2, n3). It follows from Lemma 4.6
that there are distinct edges f and g of B with u := α(f) = α(g) and e := ϕ(f) = ϕ(g) such that Bg = 1 and
that oϕg = ϕu(bu)o
ϕ
fαe(c) for some bu ∈ Bu and c ∈ Ae.
By applying auxiliary moves to ϕ, we obtain a marked morphism ((B, u0), ϕ′,T′) in Ωmin(T0) such that an
elementary fold is applicable to the edges f and g, that is, such that oϕ
′
g = o
ϕ′
f (and t
ϕ′
g = t
ϕ′
f if the vertices
ω(f) and ω(g) are distinct). Lemma 4.17 gives us a marked morphism (ϕ′′ : B′′ → A,T′′) in Ωmin(T0) such that
B′′h = 1 for all h ∈ EB′′ and that an elementary fold is applicable to ϕ′′. Thus there are distinct edges f ′′ and
g′′ of B′′ with u′′ := α(f ′′) = α(g′′) and e′′ := ϕ(f ′′) = ϕ(g′′) such that oϕ
′′
g′′ = o
ϕ′′
f ′′ (and t
ϕ′′
g′′ = t
ϕ′′
f ′′ if the vertices
ω(f ′′) and ω(g′′) are distinct)..
Let ϕ : B → A be the morphism obtained from ϕ′′ by first folding the edges f ′′ and g′′ into a single edge
f , and then applying a vertex morphism to the vertex ω(f) of B = B′′/[f ′′ = g′′]. Thus ϕ : B → A is a
vertex injective morphism with Bf = 1 for all edges of B. Therefore ϕ trivially satisfies conditions (2.i)-(2.iii)
of Definition 4.1 and the fundamental group of B splits as a free product of cyclic groups.
By Lemmas 2.11 and 2.12, there is a pi1-surjective morphism σ : B′′ → B such that ϕ ◦ σ = ϕ′′. Denote by
T the tuple σ∗(T′′). Thus T generates the fundamental group of B and ϕ∗(T) = ϕ∗(σ∗(T′′)) = ϕ′′∗(T′′) which is
Nielsen equivalent to ϕ∗(T). To see that the c-complexity decreases note that
rk(B)− rk(B) = rk(Bω(f)) + rk(Bω(g))− rk(Bω(f)) > 0
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and that
tn(B)− tn(B) = tn(Bω(f))− (tn(Bω(f)) + tn(Bω(g))) > 0.
Since |EB| = |EB′′| − 2 = |EB| − 2 it follows that c(ϕ) < c(ϕ). 
Corollary 4.19. Let ((B, u0), ϕ,T) be a marked morphism in Ωmin(T0). Then for any vertex u of B the
corresponding decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) does not fold peripheral subgroups.
Proof. Suppose that for some vertex u of B the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) folds peripheral
subgroups. By definition, the following hold: (1) Bu = Cu ∗f∈St1(u,B) αf (Bf ) for some subgroup Cu ≤ Bu with
Cu ∩ ker(ϕu) = 1, and (2) there are distinct edges f and g in St1(u,B) with e := ϕ(f) = ϕ(g) such that
oϕg = ϕu(b)o
ϕ
fαe(c)
for some b ∈ Cu ∗h∈St1(u,B)−{g} αh(Bh) and c ∈ Ae.
Let ((B′, u0), ϕ′,T) be the marked morphism obtained from ((B, u0), ϕ,T) by unfolding along the edge g.
Thus the group of g in B′ is trivial, the group of the vertex u in B′ is equal to
B′u = Cu ∗h∈St1(u,B)−{g} αh(Bh),
and so the edge element oϕ
′
g lies in the double coset ϕ′u(B′u)o
ϕ′
f αe(Ae). This implies that ((B′, u0), ϕ′,T) is an
element of Ωmin(T0) that violates condition (F1) of Definition 2.5, contradicting Lemma 4.18. 
4.4. Searching for non-vertex injective marked morphisms in Ωmin(T0). Let ((B, u0), ϕ,T) be a marked
morphism in Ωmin(T0). Assume that ϕ is vertex injective. From Lemma 4.18 we know that ϕ does not violate
condition (F1). Since ϕ is not folded, Lemma 4.6 implies that there is an edge f of B such that
(i) Bf = 1, and (ii) α−1e (o
−1
f ϕu(Bu)of ) 6= 1,
where u := α(f) and e := ϕ(f). Denote the vertex ω(f) by u′, the vertex ϕ(u) by v and the vertex ϕ(u′)
by v′. We will construct a new marked morphism in Ωmin(T0) that has fewer edges with trivial group than
((B, u0), ϕ,T).
Recall that the edge group Ae is infinite cyclic with generator ae, that corresponds to a simple closed curve
on O. Thus α−1e (o
−1
f ϕu(Bu)of ) = 〈a
k′f
e 〉 for some integer k′f > 0. As the vertex homomorphism ϕu : Bu → Av
is injective, there is a unique element b′f ∈ Bu such that ϕu(b′f ) = ofαe(a
k′f
e )o
−1
f . Then we have
〈ϕu(b′f )〉 = of 〈α
k′f
e 〉o−1f = ϕu(Bu) ∩ ofαe(Ae)o−1f .
Let B′ be the graph of groups obtained from B by replacing the edge group Bf = 1 by the group B′f := 〈b′f 〉 ≤
Bu, and by replacing the vertex group Bu′ by the group B′u′ := Bu′ ∗ 〈b′f 〉. The boundary monomorphisms
α′f : B
′
f → B′u = Bu and ω′f : B′f → B′u′ are defined as the inclusion maps.
Let ϕ′ : B′ → A be the morphism obtained from ϕ by replacing the edge homomorphism ϕf by the ho-
momorphism ϕ′f : B
′
f → Ae defined by ϕ′f (b′f ) = a
k′f
e , and by replacing the vertex homomorphism ϕu′ by the
homomorphism ϕ′u′ : B
′
u′ → Aϕ(u′) induced by ϕu′ and the map b′f 7→ t−1f ωe(a
k′f
e )tf .
Note that the underlying graph of B′ is equal to the underlying graph B of B. Moreover, oϕ
′
h = oh for all
h ∈ EB′ = EB. As in Claim 4.15, we construct a morphism σ : B→ B′ such that (i) σ∗ is an isomorphism, and
(ii) ϕ = ϕ′ ◦ σ. Consequently, pi1(B′, u0) splits as a free product of cyclic groups, the tuple T′ := σ(T) generates
pi1(B′, u0), and clearly ϕ′∗(T′) is Nielsen equivalent to T0. Fig. 14 shows the effect of the fold on the vertices u
and u′. The remaining vertex and edge groups/homomorphisms do not change.
Bu
Bf = 1
Bu′
b′f
of tf
Bu = B
′
u
ω′f (B
′
f )b
′
f
B′u′ = Bu′ ∗ 〈b′f 〉
fold of tf
α′f ω′f
ff
B′f = 〈b′f 〉
Figure 14. A fold along the edge f .
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We want to show that ((B′, u0), ϕ′,T′) is marked morphism. To this end we need to check that ϕ′ satisfies
conditions (2.i)-(2.iii) of Definition 4.1. This is done in the next claim.
Claim 4.20. The morphism ϕ′ : B′ → A satisfies conditions (2.i)-(2.iii) of Definition 4.1.
Proof of Claim. Note that we only need to look at the vertices u and u′ as the remaining vertex and edge
groups/homomorphisms do not change in the fold.
We start at the vertex u. The vertex homomorphism ϕ′u : B′u → Av is injective since ϕ is vertex injective
and ϕ′u is equal to ϕu. Thus we need to show that (2.ii) holds. By definition there is an orbifold covering
η′u : O
′
u → Ov such that (Bu, ϕu, {αh(Bh)}h∈St1(u,B)) is isomorphic to a sub-decoration of the decorated group
induced by η′u. More precisely, let δ′u,1, . . . , δ′u,nu be the compact boundary components of O
′
u and let C ′u,j be
the maximal peripheral subgroup pio1(O′u) corresponding to δ′u,j . Then there is a subset {ku,1, . . . , ku,mu} of
{1, . . . , nu} such that
(Bu, ϕu, {αh(Bh)}h∈St1(u,B)) ∼= (pio1(O′u), (η′u)∗, {C ′u,ku,j}16j6mu).
To the element b′f there corresponds a unique compact boundary component, δ
′
u,ku,0
, of O′u. We need to show
that δ′u,ku,0 6= δ′u,ku,1 , . . . , δ′u,ku,mu . In fact, suppose that δ′u,k0 = δ′u,ku,j for some 1 6 j 6 mu. Let g be the edge
in St1(u,B) that corresponds to δ′u,ku,j . Then the edge element of belongs to the (ϕu′(Bu′), αe(Ae))-double
coset of og and hence the morphism ϕ violates condition (F1) of Definition 2.5, a contradiction. Therefore the
decorated group (B′u, ϕ′u, {α′h(B′h)}h∈St1(u,B′)) is isomorphic to the decorated group
(pio1(O
′
u), (η
′
u)∗, {C ′u,ku,0 , C ′u,ku,1 , . . . , C ′u,ku,mu})
which is a sub-decoration of (pio1(O′), (η′u)∗, {C ′u,j}16j6nu).
Now we look at the vertex u′. We first observe that (Bu′ , ϕu′ , {αh(Bh)}h∈St1(u′,B)) is isomorphic to a strongly
decorated group as otherwise the morphism ϕ would violate condition (F1) of Definition 2.5. Consequently the
decorated group (B′u′ , ϕ
′
u′ , {α′h(B′h)}h∈St1(u′,B′)) is also isomorphic to a strongly decorated group. This implies
that ϕ′ satisfies condition (2.iii) if the vertex homomorphism ϕ′u′ is not injective.
Suppose ϕ′u′ is injective. We need to show that (2.ii) holds at u. But this follows from the fact that
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is strongly collapsible and from Lemma 3.8. 
Therefore ((B′, u0), ϕ′,T′) is a marked morphism that clearly belongs to Ω(T0). Since pi1(B, u0) and pi1(B′, u0)
are isomorphic and have the same underlying graphs, we further see that
c((B′, u0), ϕ′,T′) = c((B, u0), ϕ,T).
Notice that the number of edge pairs that have non-trivial group in B′ is equal to |B|c + 1. We will say that the
marked morphism ((B′, u0), ϕ′,T′) is obtained from ((B, u0), ϕ,T) by folding along the edge f .
Lemma 4.21. There exists a marked morphism ((B, u0), ϕ,T) in Ωmin(T0) such that ϕ is not vertex injective.
Proof. Let ((B, u0), ϕ,T) be an arbitrary element of Ωmin(T0). Set ((B0, w0), ϕ0,T0) := ((B, u0), ϕ,T). Suppose
that for i > 0, the marked morphism ((Bi, wi), ϕi,Ti) ∈ Ωmin(T0) has been defined so that |Bi|c = |B|c + i. If
ϕi is not vertex injective, then
((B, u0), ϕ,T) := ((Bi, wi), ϕi,Ti)
is the the element of Ωmin(T0) we are searching for. Suppose that ϕi is vertex injective. We know that ϕi is not
folded and Lemma 4.18 further says that ϕi does not violate condition (F1) of Definition 2.5. Thus there is an
edge fi in Bi such that we can fold ϕi along fi. We define ((Bi+1, wi+1), ϕi+1,Ti+1) as the marked morphism
obtained from ((Bi, wi), ϕi,Ti) by folding along fi. Thus ((Bi+1, u0,i+1), ϕi+1,Ti+1) belongs to Ωmin(T0). Since,
for each i, we have |Bi|c 6 12 |EB|, it follows that this process terminates in at most 12 |EB| steps. 
Corollary 4.22. Let ((B, u0), ϕ,T) be an element of Ωmin(T0) and u a vertex of B. If the decorated group
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) has an obvious relation, then there is a marked morphism ((B, u0), ϕ,T) in Ωmin(T0)
such that (i) ϕ is not vertex injective, and (ii) d((B, u0), ϕ,T) < d((B, u0), ϕ,T).
Proof. By definition, the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) has an obvious relation if the following
two conditions hold: (1) Bu = Cu ∗g∈St1(u,B) αg(Bg) for some subgroup Cu ≤ Bu such that Cu ∩ ker(ϕu) = 1,
and (2) there is some edge f in St1(u,B) with e := ϕ(f) such that
0 < |Ae : α−1e (o−1f ϕx(B′x)of )| < |Ae : ϕf (Bf )|.
where B′u := Cu ∗g∈St1(u,B)−{f} αg(Bg) ≤ Bu.
Let ((B′, u0), ϕ′,T′) be the marked morphism obtained from ((B, u0), ϕ,T) by unfolding along the edge f .
Thus, in B′, the edge f has trivial group and the vertex u has group
B′u := Cu ∗g∈St1(u,B)−{f} αg(Bg).
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The vertex homomorphism ϕ′u : B′u → Av is equal to ϕu ◦ ιu, where ιu is the inclusion map B′u ↪→ Bu.
If the vertex homomorphism ϕ′u is not injective, then we put ((B, u0), ϕ,T) := ((B′, u0), ϕ′,T′). Lemma 4.16
implies that ((B, u0), ϕ,T) belongs to Ωmin(T0). The d-complexity of ((B, u0), ϕ,T) is strictly smaller than
d((B, u0), ϕ,T) as the number of edges with nontrivial group decreases by one.
If ϕ′u is injective, then we define ((B, u0), ϕ,T) as the marked morphism obtained from (ϕ′ : B′ → A,T′) by
folding along the edge f (item (2) implies that this is possible). From the description of the fold we see that
the vertex homomorphism ϕω(f) is not injective, and hence the morphism ϕ is not vertex injective. To see that
the d-complexity decreases, note that |B|c = |B′|c + 1 = |B|c and that
cE(ϕ)− cE(ϕ) = |Ae : ϕf (Bf )| − |Ae : ϕf (Bf )| = |Ae : ϕf (Bf )| − |Ae : α−1e (o−1f ϕu(B′u)of )| < 0.

4.5. Non-vertex injective elements of Ωmin(T0) with minimal d-complexity. In this subsection we will
show that an element of Ωmin(T0) with minimal d-complexity yields a special almost orbifold over O and a
generating tuple that is mapped onto a tuple Nielsen equivalent to T0. Lemma 4.21 implies that the set
Ω∗min(T0) := {((B′, u′0), ϕ′,T′) ∈ Ωmin(T0) | ϕ′ is not vertex injective}
is non-empty. Choose an element ((B, u0), ϕ,T) in Ω∗min(T0) that has minimal d-complexity, i.e.
d((B, u0), ϕ,T) 6 d((B′, u′0), ϕ′,T′) for all ((B′, u′0), ϕ′,T′) ∈ Ω∗min(T0).
As ϕ : B → A is not vertex injective, there must be at least one vertex u such that the vertex homomorphism
ϕu : Bu → Av is not injective, where v := ϕ(u). The next lemma combined with condition (2.iii) of Definition 4.1,
imply that ϕ does not satisfy condition (F0) of Definition 2.5 only at the vertex u. In fact, if ϕu′ is not injective,
then St1(u′,B) is non-empty and the decorated group (Bu′ , ϕu′ , {αf (Bf )}f∈St1(u′,B)) is isomorphic to a strongly
collapsible decorated group over Aϕ(u′).
Lemma 4.23. If w is a vertex of B distinct from u with St1(w,B) 6= ∅, then (Bw, ϕw, {αg(Bg)}g∈St1(w,B)) is
not isomorphic to a strongly collapsible decorated group over Aϕ(w).
Proof. We will show that if the result does not hold, then there is a marked morphism in Ω∗min(T0) with
d-complexity smaller than d((B, u0), ϕ,T), which is a contradiction.
Suppose that the lemma does not hold. Thus there is some vertex w 6= u such that St1(w,B) 6= ∅ and the deco-
rated group (Bw, ϕw, {αg(Bg)}g∈St1(w,B)) is isomorphic to a strongly collapsible decorated group over Aϕ(w). Af-
ter applying auxiliary moves of type A2 to the edges in St1(w,B), we can assume that (Bw, ϕw, {αg(Bg)}g∈St1(w,B))
is strongly collapsible, and therefore we can unfold along any edge of St1(w,B).
Let f be an arbitrary edge in St1(w,B). The marked morphism ((B′, u0), ϕ′,T′) obtained from ((B, u0), ϕ,T)
by unfolding along f belongs to Ωmin(T0). As the vertex homomorphism ϕu : Bu → Av does not change in the
unfolding move, we see that ϕ′ : B′ → A is not vertex injective, and so ((B′, u0), ϕ′,T′) belongs to Ω∗min(T0).
To finish the proof observe that d-complexity of ((B′, u0), ϕ′,T′) is strictly smaller than d((B, u0), ϕ,T) as
|B′|c = |B|c − 1. 
The previous lemma combined with condition (2.ii), imply that, for all vertices w ∈ V B with w 6= u and
St1(w,B) 6= ∅, the decorated group (Bw, ϕw, {αf (Bf )}f∈St1(w,B)) is isomorphic to the decorated group induced
by an orbifold covering η′w : O′w → Oϕ(w) of finite degree. In particular, the morphism ϕ : B → A is locally
surjective at all such vertices of B.
Now we turn our attention to the vertex u, where the morphism ϕ fails to be vertex injective. We will show
that the minimal d-complexity of ((B, u0), ϕ,T) forces the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) at u to
be isomorphic to one that is induced by a special almost orbifold covering of the vertex orbifold Ov.
Lemma 4.24. There exists a special almost orbifold covering η′u : O′u → Ov with ∂O′u = δ′u,1 ∪ . . . ∪ δ′u,nu ∪ δ′u
(δ′u is the exceptional boundary component of O′u) such that
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) ∼= (pio1(O′u), (η′u)∗, {C ′u,j}16j6nu).
In particular, ϕ is locally surjective at u.
Proof. As ϕu : Bu → Av is not injective, it follows from Definition 4.1(2.iii) that St1(u,B) is non-empty and
that the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is isomorphic to a strongly collapsible decorated group
over Av. Thus, after applying auxiliary moves of type A2 to the edges in St1(u,B), we can assume that
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is strongly collapsible.
Suppose that the vertex orbifold is orientable, that is, Ov is a small orbifold not isomorphic to a Moebius band
(the case in which Ov is isomorphic to a Moebius band is handled as in case (β) below). By Proposition 3.12,
one of the following holds:
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(α) (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) projects onto a strongly collapsible decorated group (H,λ, {Hk}k∈K) over
Av such that one of the following three conditions occur:
(α.1) (H,λ, {Hk}k∈K) folds peripheral subgroups.
(α.2) (H,λ, {Hk}k∈K) has an obvious relation.
(α.3) rk(H) < rk(Bu) or rk(H) = rk(Bu) and tn(H) > tn(Bu).
(β) There is a special almost orbifold covering η′u : O′u → Ov with ∂O′u = δ′u,1 ∪ . . . ∪ δ′u,nu ∪ δ′u (δ′u is
the exceptional boundary component of O′u) such that (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is isomorphic to a
decorated group obtained from the decorated group induced by η′u by adjoining a finite subgroup.
Claim 4.25. (α) cannot occur.
Proof of Claim. We will argue that if (α) occurs then there is a marked morphism ((B, u0), ϕ,T) in Ω(T0)
such that either (1) c((B, u0), ϕ,T) < (n1, n2, n3) = c((B, u0), ϕ,T), or (2) the marked morphism ((B, u0), ϕ,T)
belongs to Ω∗min(T0) and has d-complexity strictly smaller than d((B, u0), ϕ,T). This contradicts the minimality
of the c-complexity and of the d-complexity of ((B, u0), ϕ,T).
Thus suppose (α) occurs. Let ((B′, u′0), ϕ′,T′) be the marked morphism obtained from ((B, u0), ϕ,T) by
replacing the (strongly collapsible) decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) by the (strongly collapsible)
decorated group (H,λ, {Hk}k∈K). We know that ((B′, u′0), ϕ′,T′) lies in Ω(T0). Moreover, we have
c((B′, u′0), ϕ′,T′) 6 c((B, u0), ϕ,T) = (n1, n2, n3) and d((B′, u′0), ϕ′,T′) = d((B, u0), ϕ,T).
If the c-complexity of ((B′, u′0), ϕ′,T′) is strictly smaller than (n1, n2, n3), then ((B, u0), ϕ,T) := ((B′, u′0), ϕ′,T′)
is a marked morphism that belongs to Ω(T0) as in (1). Assume that
c((B′, u′0), ϕ′,T′) = c((B, u0), ϕ,T) = (n1, n2, n3)
so that ((B′, u′0), ϕ′,T′) belongs to Ωmin(T0). This assumption on ((B′, u′0), ϕ′,T′) combined with Lemma 4.14,
imply that case (α.3) can not occur.
If (α.1) occurs, then Corollary 4.22 imlpies that there is a marked morphism ((B, u0), ϕ,T) in Ω(T0) with
c((B, u0), ϕ,T) < (n1, n2, n3),
and therefore (1) holds. If (α.2) occurs, then Corollary 4.22 implies that there is a marked morphism ((B, u0), ϕ,T)
in Ω∗min(T0) with d((B, u0), ϕ,T) < d((B′, u′0), ϕ′,T′) = d((B, u0), ϕ,T), i.e. ((B, u0), ϕ,T) is a marked morphism
in Ω∗min(T0) such that (2) holds. 
The previous claim implies that (β) must occur. Thus, with the notation from Example 3.9, we have
(Bu, ϕu, {αf (Bf )}f∈St1(u,B)) ∼= (pio1(O′) ∗ g〈sdx〉g−1, λ, {Cu,j′}16j6nu),
where sx ∈ pio1(Ov) corresponds to the exceptional point x of Ov, g ∈ pio1(Ov) is such that the element of pio1(O′u)
represented by δ′u is mapped by (η′u)∗ onto gskxg−1, and d > 1 is such that d = |〈sx〉 : 〈sdx〉|. The assertion of
the lemma immediately follows from:
Claim 4.26. d = |〈sx〉|. Consequently,
(pio1(O
′
u) ∗ g〈sdx〉g−1, λ, {C ′u,j}16j6nu) = (pio1(O′), (η′u)∗, {C ′u,j}16j6nu).
Proof of Claim. The proof goes as in the previous claim, i.e. we show that if 1 6 d < |〈sx〉|, then there is a
marked morphism ((B, u0), ϕ,T) in Ω(T0) such that either (1) c((B, u0), ϕ,T) < (n1, n2, n3) = c((B, u0), ϕ,T),
or (2) ((B, u0), ϕ,T) belongs to Ω∗min(T0) and its d-complexity strictly smaller than d((B, u0), ϕ,T).
Assume that 1 6 d < |〈sx〉|. This implies in particular that x is a cone point of Ov. Without loss of
generality assume that the decorated group (Bu, ϕu, {αf (Bf )}f∈St1(u,B)) is not only isomorphic to but equal to
(pio1(O
′
u) ∗ g〈sdx〉g−1, λ, {C ′u,j}16j6nu).
Let B′ ⊆ B be the sub-graph of groups obtained from B by replacing the vertex group Bu by the group
B′u := pi
o
1(O
′
u) ≤ Bu. Then Bu = B′u ∗ g〈sdx〉g−1, and the group pi1(B, u0) splits as pi1(B′, u0) ∗ γg〈sdx〉g−1γ−1,
for some B-path γ contained in B′ with initial vertex α(γ) = u0 and terminal vertex ω(γ) = u. It follows from
Grushko’s Theorem that the generating tuple T of pi1(B, u0) is Nielsen equivalent to a tuple of type
T′ ⊕ ([γ · gsrdx g−1 · γ−1]),
where T′ is a generating tuple of pi1(B′, u0) ≤ pi1(B, u0) and the integer r is coprime with |〈sdx〉| = |〈sx〉|/d.
Write rd = lk + p for some 0 6 p < k. We have
ϕ∗(T) ∼NE ϕ∗(T′)⊕ ϕ∗([γ · gsrdx g−1 · γ−1])
= ϕ∗(T′)⊕ ([ϕ(γ) · gsrdx g−1 · ϕ(γ)−1])
∼NE ϕ∗(T′)⊕ ([ϕ(γ) · gs−lkx g−1 · ϕ(γ)−1][ϕ(γ) · gsrdx g−1 · ϕ(γ)−1])
= ϕ∗(T′)⊕ ([ϕ(γ) · gspxg−1 · ϕ(γ)−1])
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Let q = |〈sx〉 : 〈spx〉|. Thus we have 〈spx〉 = 〈sqx〉 ≤ Av. Define B′′ as the graph of groups obtained from B
by replacing the vertex group Bu = pio1(O′u) ∗ 〈gsdxg−1〉 by the group B′′u := pio1(O′u) ∗ 〈gsqxg−1〉. Then B′ is a
sub-graph of groups of B′′, and the group pi1(B′′, u0) splits as
pi1(B′′, u0) = pi1(B′, u0) ∗ γ〈gsqxg−1〉γ−1.
Let ϕ′′ : B′′ → A be the morphism obtained from ϕ by replacing the vertex homomorphism ϕu by the
homomorphism ϕ′′u : B′′u → Av induced by the homomorphism B′u ↪→ Bu ϕu−−→ Av and the inclusion map
g〈sqx〉g−1 ↪→ Av. Fig. 15 illustrates the definition of ϕ′′ : B′′ → A at the vertex u.
g〈skx〉g−1
g〈sdx〉g−1
δ′u,1 δ
′
u,n
g〈skx〉g−1
g〈sqx〉g−1
δ′u,1 δ
′
u,n
O′u O
′
u
δ′u δ
′
u
Figure 15. The group Bu = pio1(O′u) ∗ g〈sdx〉g−1 is replaced by B′′u = pio1(O′u) ∗ g〈sqx〉g−1.
It is not hard to see that the morphism ϕ′′ satisfies conditions (2.i)-(2.iii) from Definition 4.1, and that the
fundamental group of B′′ splits as a free product of cyclic groups. Moreover, the tuple
T′′ := T′ ⊕ ([γ · gspxg−1 · γ−1])
clearly generates pi1(B′′, u0) and, as the previous paragraph shows,
ϕ′′∗(T
′′) = ϕ′′∗(T
′)⊕ ([ϕ′′(γ) · gspxg−1 · ϕ′′(γ)−1]) = ϕ∗(T′)⊕ ([ϕ(γ) · gspxg−1 · ϕ′(γ)−1])
is Nielsen equivalent to ϕ∗(T), which implies that ((B′′, u′′0), ϕ′′,T′′) belongs to Ω(T0). As edge groups and
homomorphisms do not change, we have d((B′′, u′′0), ϕ′′,T′′) = d((B, u0), ϕ,T).
If q = |〈sx〉| then clearly rk(B′′) = rk(B) − 1, and therefore the marked morphism ((B, u0), ϕ,T) :=
((B′′, u′′0), ϕ′′,T′′) lies in Ω(T0), and is has c-complexity smaller than c((B, u0), ϕ,T) = (n1, n2, n3).
If 1 6 q < k, then ((B′′, u′′0), ϕ′′,T′′) belongs to Ωmin(T0). It now follows from Lemma 6.21 that the decorated
group
(B′′u , ϕ
′′
u, {α′′f (B′′f )}f∈St1(u,B′′)) ∼= (pio1(O′u) ∗ 〈gsqxg−1〉, ϕ′′u, {C ′u,j}16j6nu)
either folds peripheral subgroups or has an obvious relation. Now Corollaries 4.19 and 4.22 imply the existence
of a marked morphism ((B, u0), ϕ,T) in Ω(T0) such that either (1) or (2) occurs. 

Lemma 4.27. For all vertices of B the sets St1(·,B) and St(·, B) coincide. In particular, St1(·,B) 6= ∅.
Proof. In fact, if there is a vertex w such that St1(w,B) is a proper subset of St(w,B), then there exists an
edge h ∈ EB such that (i) Bh = 1, and (ii) St1(α(h),B) is non-empty. Lemmas 4.23 and 4.24 imply that there
exists an edge f in St1(α(h),B) with ϕ(f) = ϕ(h) such that oh = ϕα(h)(b)ofαϕ(f)(c), for some b ∈ Bα(h) and
c ∈ Aϕ(f), that is, ϕ vioates condition (F1) of Definition 2.5. This contradicts Lemma 4.18. Therefore, the sets
St1(w,B) and St(w,B) must coincide, see Fig. 16. 
Lemmas 4.23 and 4.27, imply that, for any vertex w of B with w 6= u, there is an orbifold covering η′w : O′w →
Oϕ(w) of finite degree with ∂O′w = δ′w,1, . . . , δ′w,nw such that
(Bw, ϕw, {αf (Bf )}f∈St1(w,B)) ∼= (pio1(O′w), (η′w)∗, {C ′w,j}16j6nw).
Lemma 4.21 further implies that (Bu, ϕu(Bf )}f∈St1(u,B)) is isomorphic to (pio1(O′u), (η′u)∗, {C ′u,j}16j6nu), where
η′u : O
′
u → Ov is a special almost orbifold covering with boundary ∂O′u = δ′u,1 ∪ . . . ∪ δ′u,nu ∪ δ′u, where δ′u is
the exceptional boundary component of O′u. For each vertex w of B denote by τw the bijection St1(w,B) →
{1, . . . , nw} given in the definition of isomorphic decorated groups.
Now we can complete the proof of Theorem 1.8. Let O be the disjoint union of the orbifolds {O′w | w ∈ V B}
and let η : O→ O be the orbifold map induced by the orbifold maps
O′w
η′w−−→ Oϕ(w) ↪→ O
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Bf3
Bf1 Bwαf1
Bf2αf2
αf3
f3
f1
f2
αf4
f4
Bf4
Figure 16. St1(w,B) = St(w,B) = {f1, f2, f3, f4}.
for w ∈ V B (here we allow orbifolds with non-connected underlying surfaces). Notice that η(x) = η(y) if, and
only if, there is an edge f of B such that x ∈ δ′α(f),τα(f)(f) and y ∈ δ′ω(f),τω(f)(f−1). Moreover, for any f ∈ EB,
the maps
η′α(f)|δ′α(f),τα(f)(f) and η
′
ω(f)|δ′
ω(f),τω(f)(f
−1)
coincide. Thus the quotient O′ of O by the relation x ∼ y if η(x) = η(y) is an orbifold. The the induced
map η′ : O′ → O is clearly a special almost orbifold covering with exceptional boundary component δ′u ⊂ ∂O′u.
To finish the proof, observe that the morphism ϕ : B → A is induced by the almost orbifold covering η′, see
Example 4.5. Thus, there is an isomorphism σ : pi1(B, u0)→ pio(O′) such that η′∗ ◦ σ = ϕ∗. Therefore the tuple
T′ := σ(T) generates pio1(O′), and clearly η′∗(T′) is Nielsen equivalent to T0.
5. Proof of Corollary 1.13
In this section we show that any generating tuple of the fundamental group of a sufficiently large orbifold
whose cone points have order at most two, is either reducible or is Nielsen equivalent to a standard generating
tuple.
Let T be a generating tuple of pio1(O), where O = F (p1, . . . , pr) is a sufficiently large orbifold with either r = 0
or r > 1 and p1 = . . . = pr = 2. We will show that there exists an almost orbifold covering η : O′ → O of degree
one and a generating tuple T′ of pio1(O′) such that η∗(T′) is Nielsen equivalent to T. Then, by remark 1.10, T is
either reducible or it is Nielsen equivalent to a standard generating tuple.
By Theorem 1.8, there is a special almost orbifold covering η : O′ → O and a generating tuple T′ of pio1(O′)
such that η∗(T′) ∼NE T. It remains to show that deg(η) = 1. Let C ⊆ ∂O′ be the exceptional boundary
component of O′, x ∈ F the exceptional point of O and D ⊆ F the exceptional disk of O. Since p(x) 6 2, it
follows that the degree of the map η|C : C → ∂D is at most 2, and therefore divides p(x). Example 1.5 implies
that there exists an orbifold covering η′′ : O′′ → O of finite degree such that (i) O′ ⊆ O′′, (ii) O′′ − Int(O′) is a
disk with at most one cone point of order p(x), and (iii) η is the resctriction of η′′ to O′.
The fundamental group of O′′ is obtained from pio1(O′) by adding the relation sq = 1 where s is the homotopy
class represented by the curve C and q = p/deg(η′|C). Denote by T′′ the image of T′ in pio1(O′′). Thus T′′
generates pio1(O′′) and η′′∗ (T′′) is Nielsen equivalent to T. Consequently η′′ is a pi1-surjective orbifold covering.
This implies that O′′ = O. Therefore, O′ = O − Int(D) = (F − Int(D), p|F−Int(D)) and hence η : O′ → O has
degree one.
6. Proof of Proposition 3.12
This section contains the proof of Proposition 3.12. The proof is organized as follows:
(1) In subsection 6.1 we fix an identification between the fundamental group of the orientable small orbifold
O = F (p1, . . . , pr) and the fundamental group of a graph of groups AO with trivial edge groups and
finite cyclic vertex groups. Then we will consider decorated groups over pio1(O) that are induced by
morphisms B→ A that come equipped with two collections of B-paths {pj}16j6n and {γj}16j6n.
(2) In subsection 6.2 we consider tame decorated morphisms. These induce collapsible decorated groups
over pi1(AO, v1) ∼= pio1(O). Then we find sufficient conditions that guarantee that the induced decorated
group has an obvious relation or folds peripheral subgroups.
(3) In subsection 6.3 we define the local graph of a decorated morphism. This graph will reveal local
properties of the B-paths {pj}16j6n as well as local properties of the morphism B→ AO.
(4) In subsection 6.4 we will consider the set of all decorated morphisms B → AO that induce decorated
groups equivalent to (G, η, {Gj}j∈J). We then observe that a decorated morphism in this set that has
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the minimal number of edges, either projects onto a decorated group over pi1(AO, v1) as in (α.1)− (α.3)
or induces a decorated group over pi1(AO, v1) as in (β).
6.1. The graph of groups associated to an orientable small orbifold. For the remainder of this section
let O = F (p1, . . . , prO) be an orientable small orbifold with boundary components δ1, . . . , δqO , where qO > 1
and 0 6 rO 6 2. Recall that qO = 1 ⇒ rO = 2 . Let further x1, x2 be points of O such that the order p(xi) of
xi is equal to pi for i 6 rO and it is equal to 1 for i > rO. Thus the fundamental group of O has the following
presentation
〈sx1 , sx2 , t1, . . . , tqO | sp(x1)x1 , sp(x2)x2 , sx1sx2 = t1 · . . . · tqO〉,
where the generators sx1 and sx2 correspond to the points x1 and x2, and the generators t1, . . . , tqO correspond
to the boundary components δ1, . . . , δqO . Note that this presentation is slightly different from the standard one
as the elements sx1 and sx2 are possibly trivial.
The first step to prove Proposition 3.12 is to associate a graph of groups AO to the orientable small orbifold O.
AO is defined as follows: the underlying graph AO of AO has two vertices v1, v2 and edge-set {e±1i | 1 6 i 6 qO}
with α(ei) = v1 and ω(ei) = v2 for all i. All edge groups in AO are trivial, and the vertex groups are defined as
AOvi = 〈svi | sp(xi)vi 〉 ∼= Zp(xi) for i = 1, 2.
AOv1 = 〈sv1 | sp1v1 〉 AOv2 = 〈sv2 | sp2v2 〉
e1
e2
e3
v1 v2
Figure 17. The graph of groups AO associated to O = F (p1, p2) where F is a pair of pants.
For a given integer d, we define ed := es ∈ EAO, where s ∈ {1, . . . , qO} is such that d ≡ s (mod qO).
We now define paths in AO that naturally correspond to the boundary components of O. For each 1 6 i 6 qO,
let ci be the AO-path
ci := s
εi
v1 , ei, s
εi
v2 , e
−1
i+1, 1
where ε1 = 1 and ε2 = . . . = εqO = 0. The subgroup of pi1(AO, v1) generated by the element [ci] will be
denoted by Ci. Note that there is an isomorphism θ : pio1(O) → pi1(AO, v1) that sends ti onto the element [ci]
for 1 6 i 6 qO, sends sx1 onto [sv1 ] and sx2 onto [1, e1, sv2 , e−11 , 1].
Remark 6.1. The isomorphism θ : pio1(O)→ pi1(AO, v1) might be visualized as follows. The geometric realization
of the graph AO, which we also denote by AO, may be embedded in the underlying surface F of O in such a way
that AO is a strong deformation retract of F , and that the vertices v1 and v2 are mapped to the points x1 and
x2 respectively. Figure 18 shows AO embedded in F . In this deformation, the boundary component δi ⊆ ∂F
(1 6 i 6 qO) is mapped onto the path eie−1i+1 in AO.
δ1 δ2
δ3
e1 e2 e3
v1
v2
Figure 18. The graph AO embedded in the underlying surface F of O.
For a given integer d, we define cd := cs ∈ {c1, . . . , cqO}, where s ∈ {1, . . . , qO} is such that d ≡ s (mod qO).
For the remainder of the paper we will identify pio1(O) with pi1(AO, v1) via the isomorphism θ, and consequently
consider decorated groups over pi1(AO, v1) instead of pio1(O). We will study decorated groups over pi1(AO, v1)
that are induced by decorated morphisms defined below:
Definition 6.2. A decorated morphism over AO is a tuple ((B, u1), φ, {pj}16j6n, {γj}16j6n) where
(1) B is a connected graph of groups with Bf = 1 for all f ∈ EB, and u1 is the base vertex of B.
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(2) φ is a morphism from B to AO with φ(u1) = v1.
(3) p1, . . . pn are closed paths in B such that, for each 1 6 j 6 n, there is an index i(j) ∈ {1, . . . qO} and a
cyclic permutation p′j of pj , such that φ(p′j) = ajc
zj
i(j)a
−1
j for some positive integer zj and some element
aj of AOv1 .
(4) γ1, . . . , γn are paths in B with initial vertex α(γj) = u1 and terminal vertex ω(γj) = α(pj) (= ω(pj)).
A decorated morphism over AO naturally defines a decorated group over pi1(AO, v0) as follows. By definition,
φ : B→ AO maps some cyclic permutation of pj onto the path
ajc
zj
i(j)a
−1
j = aj(s
εi(j)
v1 , ei(j), s
εi(j)
v2 , e
−1
i(j)+1, 1)
zja−1j
for some positive integer zj and some element aj of AOv1 . More precisely, we can write pj = pj,1pj,2 such that
φ(pj,2pj,1) = aj(s
εi(j)
v1 , ei(j), s
εi(j)
v2 , e
−1
i(j)+1, 1)
zja−1j .
Then the induced homomorphism φ∗ : pi1(B, u1)→ pi1(AO, v1) maps the element h(pj , γj) := [γjpjγ−1j ] onto the
element oH(pj ,γj)[ci(j)]
zjo−1H(pj ,γj), where oH(pj ,γj) = [φ(γjpj,1)aj ]. This means that the subgroup H(pj , γj) :=
〈h(pj , γj)〉 ≤ pi1(B, u1) is a peripheral subgroup of type (oH(pj ,γj), i(h)). Therefore,
(pi1(B, u1), φ∗, {H(pj , γj)}16j6n)
is a decorated group over pi1(AO, v1). We will say that (pi1(B, u1), φ∗, {H(pj , γj)}16j6n) is induced by the
decorated morphism ((B, u0), φ, {pj}16j6n, {γj}16j6n).
Example 6.3. Let O = D2(2, 2). A decorated morphism ((B, u1), φ, {p1, p2}, {γ1, γ2}) over AO is depicted in
Fig. 19. The paths p1 and p2 are given by p1 = 1, f1, 1, f−12 , 1 and p2 = 1, f2, 1, f
−1
3 , 1. The paths γ1 and γ2 are
both equal to the trivial path 1 at u1. Note that
φ(p1) = sv1 , e1, sv2 , e
−1
1 , 1 = c1 and φ(p2) = 1, e1, sv2 , e
−1, sv1 = s
−1
v1 c1sv1 .
The fundamental group of B splits as the free product H(p1, γ1)∗H(p2, γ2). Moreover, H(p1, γ1) is a peripheral
subgroup of type (1, 1) and H(p2, γ2) is a peripheral subgroup of type (s−1v1 , 1).
Bu1 = 1 Bu2 = 1
f1
f2
f3
AOv1 = 〈sv1 | s2v1〉
e1
φ AOv2 = 〈sv2 | s2v2〉
of1 = sv1 tf1 = sv2
of2 = 1 tf2 = 1
of2 = s
−1
v1 tf3 = s
−1
v2
Figure 19. A decorated morphism over AO.
Redecoration. Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO. Suppose that, for
each 1 6 j 6 n, the path p′j is a cyclic permutation of pj and that γ′j is an arbitrary path in B with initial
vertex α(γ′j) = u1 and terminal vertex ω(γ′j) = α(p′j). We define a new decorated morphism over AO as follows:
(1) replace the paths p1, . . . , pn by the paths p′1, . . . , p′n.
(2) replace the paths γ1, . . . , γn by the paths γ′1, . . . , γ′n.
We will call the decorated morphism ((B, u1), φ, {p′j}16j6n, {γ′j}16j6n) a redecoration of ((B, u1), φ, {pj}, {γj}).
A straightforward calculation shows that
(pi1(B, u1), φ∗, {H(p′j , γ′j)}16j6n) ∼= (pi1(B, u1), φ∗, {H(qj , γj)}16j6n).
Foldings. The main feature of graph of groups morphisms is that they can be modified by auxiliary moves,
vertex morphisms and folds without substantially changing its properties. We have to explain how a decorated
morphism is modified in these situations. As any fold is the product of auxiliary moves, vertex morphisms
and elementary folds, we need only to describe the situation for these cases. Since edge groups of AO are
trivial, there is no need to deal with auxiliary moves of type A1. For the remainder of this subsection let
((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO.
Auxiliary move of type A0. Suppose that the morphism φ′ : B → AO is obtained from φ : B → AO by an
auxiliary move of type A0 applied to the vertex u 6= u1 with element a ∈ AOφ(u). To see that the tuple
((B, u1), φ′, {pj}16j6n, {γj}16j6n)
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is a decorated morphism over AO we need to verify that condition (3) of Definition 6.2 holds. But this follows
immediately from the definition of an auxilairy move of type A0 since for any closed path p in B we have
φ′(p) =
{
φ(p) if α(p) 6= u
aφ(p)a−1 if α(p) = u.
Consequently ((B, u1), φ′, {pj}16j6n, {γj}16j6n) is a decorated morphism over AO. We say that it is obtained
from ((B, u1), φ, {pj}16j6n, {γj}16j6n) by an auxiliary move of type A0.
It follows from Lemma 2.8 that φ∗ = φ′∗ and hence ((B, u1), φ′, {pj}, {γj}) and ((B, u1), φ, {pj}, {γj}) induce
the same decorated group over pi1(AO, v1).
Auxiliary moves of type A2: Suppose that the graph of groups morphism φ′ : B → AO is obtained from φ by
an auxiliary move of type A2. We define a new decorated morphism over AO as follows.
As the edge groups in B are trivial, Lemma 2.9 gives a graph of groups isomorphism σ : B → B such that
φ′ ◦ σ = φ. For each j ∈ {1, . . . , n}, define p′j := σ(pj) and γ′j := σ(γj). Condition (3) of Definition 6.2 follows
from the definition of p′j and the fact that φ′ ◦ σφ . Thus ((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n) is a decorated
morphism over AO.
We will sat that ((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}, {γj}) by an auxil-
iary move of type A2. Notice that the decorated group (pi1(B, u1), φ′∗, {H(p′j , γ′j)}16j6n) is isomorphic to
(pi1(B, u1), φ∗, {H(pj , γj)}16j6n).
Elementary folds and vertex morphisms: Suppose that the graph of groups morphism φ′ : B′ → AO is obtained
from φ by either an elementary fold or by a vertex morphism. Similarly as done in the case of an auxiliary move
of type A2, we use Lemmas 2.11 and 2.12 to define a new decorated morphism
((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n)
over AO which we will say to be obtained from ((B, u1), φ, {pj}, {γj}) by an elementary move or by a vertex
morphism, accordingly.
Note that if ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}, {γj}) by an elementary fold,
then Lemma 2.11 implies that
(pi1(B, u1), φ∗, {H(pj , γj)}16j6n) ∼= (pi1(B′, u′1), φ′∗, {H(p′j , γ′j)}16j6n).
If ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}, {γj}) by a vertex morphism, then Lemma 2.12
implies that
(pi1(B, u1), φ∗, {H(pj , γj)}16j6n) (pi1(B′, u′1), φ′∗, {H(p′j , γ′j)}16j6n).
The proof of the following result is an immediate consequence of the previous paragraphs.
Lemma 6.4. Suppose that for each pair (r, s) ∈ {1, 2} × {1, 2} a decorated morphism
((Br,s, ur,s1 ), φ
r,s, {pr,sj }16j6n, {γr,sj }16j6n)
over AO is given such that the following diagram commutes:
((B1,1, u1,11 ), φ1,1, {p1,1j }16j6n, {γ1,1j }16j6n) ((B2,1, u2,11 ), φ2,1, {p2,1j }16j6n, {γ2,1j )}16j6n)
((B1,2, u1,21 ), φ1,2, {p1,2j }16j6n, {γ1,2j )}16j6n) ((B2,2, u2,21 ), φ2,2, {p2,2j }16j6n, {γ2,2j }16j6n)
Elementary Fold IA/IIIA Elementary Fold IA/IIIA
A2
that is, such that the following hold:
(a) ((Br,2, ur,21 ), φr,2, {pr,2j }16j6n, {γr,2j }16j6n) is obtained from
((Br,1, ur,11 ), φ
r,1, {pr,1j }16j6n, {γr,1j }16j6n)
by an elementary fold.
(b) ((B2,2, u2,21 ), φ2,2, {p2,2j }, {γ2,2j }) is obtained from
((B1,2, u1,21 ), φ
1,2, {p1,2j }16j6n, {γ1,2j }16j6n)
by an auxiliary move of type A2.
Then
(pi1(B1,1, u1,11 ), φ
1,1
∗ , {H1,1j }16j6n) ∼= (pi1(B2,1, u2,11 ), φ2,1∗ , {H2,1j }16j6n),
where H1,1j := H(p
1,1
j , γ
1,1
j ) and H
2,1
j := H(p
2,1
j , γ
2,1
j ) for 1 6 j 6 n.
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6.2. Tame decorated morphisms. Now we will consider a special class of decorated morhisms over AO, called
tame. We will see that tame decorated morphisms induce (up to isomorphism) collapsible decorated groups
over pi1(AO, v1). All definitions in this subsection were introduced by L. Louder in the context of graphs and
graphs of graphs morphisms, see [7, Definitions 3.5 and 7.1]. Here we simply adjust Louder’s definitions to the
setting of decorated morphisms.
For a given subset S = {f1, . . . , fr} ⊆ EB we will denote by BS , or alternatively by Bf1,...,fr , the sub-graph
of groups of B carried by the sub-graph B − {f±11 , . . . , f±1r } ⊆ B.
Definition 6.5. A decorated morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) over AO is called collapsible provided
that for each non-empty subset K ⊆ {1, . . . , n} there is an edge fK ∈ EB and k ∈ K such that (1) pk =
p′k(1, fK , 1)p
′′
k and the paths p
′
k and p
′′
k are contained in BfK , and (2) for each k′ ∈ K with k′ 6= k, the path pk′
is contained in BfK .
Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a collapsible decorated morphism over AO. It follows from the
definition that there are distinct edges f1, . . . , fn of B, and a bijection ν : {1, . . . , n} → {1, . . . , n} such that
(1) {f1, . . . , fn} ∩ {f−11 , . . . , f−1n } = ∅, and (2) for each 1 6 k 6 n the path pν(k) decomposes as pν(k) =
p′ν(k)(1, fk, 1)p
′′
ν(k) with p
′
ν(k) and p
′′
ν(k) contained in the sub-graph of groups Bf1,...,fk ⊆ B. Item (2) tells us that
the sub-graph B − {f±11 , . . . , f±1n } ⊆ B is connected.
Now we define a redecoration of ((B, u1), φ, {pj}16j6n, {γj}16j6n) that induce a collapsible decorated group
over pi1(AO, v1). For each 1 6 j 6 n, let qj be an arbitrary cyclic permutation of pj and let δj be an arbitrary
path contained in Bf1,...,fn ⊆ B such that α(δj) = u1 and ω(δj) = α(qj).
Claim 6.6. The decorated morphism ((B, u1), φ, {qj}16j6n, {δj}16j6n) induces a collapsible decorated group
over pi1(AO, v1).
Proof of Claim. In fact, condition (2) implies that the path qν(k) can be decomposed as qν(k) = q′ν(k)(1, fk, 1)q
′′
ν(k)
with q′ν(k) and q
′′
ν(k) contained in Bf1,...,fk . Hence the paths δν(k)q
′
ν(k) and δν(k)(q
′′
ν(k))
−1 lie in the sub-graph of
groups Bf1,...,fk = (Bf1,...,fk−1)fk . The edge groups of B are trivial, and so pi1(Bf1,...,fk−1 , u1) ≤ pi1(B, u1) splits
as
pi1(Bf1,...,fk−1 , u1) = pi1(Bf1,...,fk , u1) ∗ 〈[δν(k)q′ν(k)(1, fk, 1)q′′ν(k)δ−1ν(k)]〉.
As [δν(k)qν(k)(1, fk, 1)q′′ν(k)δ
−1
ν(k)] = h(qν(k), δν(k)), we see that
pi1(Bf1,...,fk−1 , u1) = pi1(Bf1,...,fk , u1) ∗H(qν(k), δν(k)) for all 1 6 k 6 n.
By induction we obtain pi1(B, u1) = pi1(Bf1,...,fn , u1) ∗ H(q1, δ1) ∗ . . . ∗ H(qn, δn), that is, the decorated group
(pi1(B, u1), φ∗, {H(qj , γj)}16j6n) is collapsible. 
The previous claim implies that a collapsible decorated morphim over AO has a whole family of redecorations
that induce collapsible decorated groups over pi1(AO, v1). More precisely, we have:
Lemma 6.7. If ((B, u1), φ, {pj}16j6n, {γj}16j6n) is a collapsible decorated morphism over AO, then there are
edges f1, . . . , fn ∈ EB and a bijection ν : {1, . . . , n} → {1, . . . , n} such that the following hold:
(1) {f1, . . . , fn} ∩ {f−11 , . . . , f−1n } = ∅.
(2) for each 1 6 k 6 n, the path pν(k) decomposes as pν(k) = p′ν(k)(1, fk, 1)p′′ν(k) with p′ν(k) and p′′ν(k)
contained in Bf1,...,fk ⊆ B.
Furthermore, if ((B, u1), φ, {qj}16j6n, {δj}16j6n) is a redecoration of ((B, u1), φ, {pj}16j6n, {γj}16j6n) with
δ1, . . . , δn contained in Bf1,...,fn , then for all 1 6 k 6 n the group pi1(Bf1,...,fk−1 , u1) splits as
pi1(Bf1,...,fk−1 , u1) = pi1(Bf1,...,fk , u1) ∗H(qν(k), δν(k)).
In particular, pi1(B, u1) = pi1(Bf1,...,fn , u1) ∗H(q1, δ1) ∗ . . . ∗H(qn, δn).
Definition 6.8. Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO.
(S.1) We say that ((B, u1), φ, {pj}, {γj}) folds peripheral paths if there exist an edge f ∈ EB and distinct
elements j, k ∈ {1, . . . , n} with i(j) = i(k) ∈ {1, . . . , qO} such that
pj = p
′
j(1, f, 1)p
′′
j and pk = p
′
k(1, f, 1)p
′′
k .
(S.2) We say that ((B, u1), φ, {pj}, {γj}) self-folds if there exist an edge f ∈ EB and j ∈ {1, . . . , n} such that
pj = p
′
j(1, f, 1)p
′′
j (1, f, 1)p
′′′
j .
We say that ((B, u1), φ, {pj}, {γj}) folds squares if it either folds peripheral paths or self-folds.
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f
p′j
p′′j
p′′′j
α(pj)
f
p′k
p′′kp
′
j
p′′j
α(pk)
α(pj)
Figure 20. Case (S.1) on the left and case (S.2) on the right.
Remark 6.9. Note that auxiliary moves and vertex morphisms do not change the structure of the underlying
graph of a graph of groups. Thus the properties of being collapsible and of not folding squares are clearly
preserved by these moves.
Definition 6.10. We say that a decorated morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) over AO is vertex in-
jective if the morphism φ : B → AO is vertex injective. We further say that ((B, u1), φ, {pj}16j6n, {γj}16j6n)
is tame if it is vertex injective, collapsible and does not fold squares.
We have seen that a collapsible decorated morphism over AO induces, up to a redecoration, a collapsible
decorated group over pi1(AO, v1). As the following lemma shows, a decorated group over pi1(AO, v1) is induced
by a (tame) decorated morphim provided that it is strongly collapsible.
Lemma 6.11. If (G, η, {Gj}j∈J) is a strongly collapsible decorated group over pi1(AO, v1), then there exists a
tame decorated morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) over AO such that
(G, η, {Gj}16j6n) ∼= (pi1(B, u1), φ∗, {H(pj , γj)}16j6n).
Proof. After re-indexing we can assume that J = {1, . . . , n}. By hypothesis (G, η, {Gj}16j6n) is strongly
collapsible. Thus there is a subgroup G0 ≤ G, which intersects ker(η) trivially, such that G = G0 ∗G1 ∗ . . .∗Gn.
Let gj be the generator of the peripheral subgroup Gj ≤ G that is mapped by η onto the element oGj [ciGj ]zjo−1Gj
for some positive integer zj .
Consider the decorated morphism depicted in Fig. 21, where φ|B0 is folded and corresponds to the subgroup
η(G0) ∼= G0 of pi1(A, v0), and where for each 1 6 j 6 n, [φ(γj)] = oGj and φ maps the path pj onto the path
c
zj
iGj
.
Note that φ : B → AO is well-defined up to auxiliary moves of type A0 but this causes no harm as we are
only interested in the homomorphism induced by φ. It is not hard to see that ((B, u1), φ, {pj}16j6n, {γj}16j6n)
is tame and that the induced decorated group is isomorphic to (G, η, {Gj}16j6n). 
fn,1 fn,ln
en,1
en,2zn
f1,1
f1,l1
e1,1
e1,2z1
u1
B0
p1
pn
e1,2
en,2
en,2zn−1
e1,2z1−1
γ1
γn
Figure 21. B is obtained from B0 by gluing n lolipos at the base vertex u1.
In remark 6.9 we pointed out that, if we apply an auxiliary move or a vertex morphism to a decorated
morphism that does not fold squares, then the resulting decorated morphism does not fold squares. On the
other hand, folds of type IA and IIIA clearly do not have this property as they change the structure of the
underlying graph. Next result tells us what happens if the resulting decorated morphism self-folds.
Lemma 6.12. Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a tame decorated morphism over AO. Suppose that it
folds onto a decorated morphism that self-folds. Then (pi1(B, u1), φ∗, {H(pj , γj)}16j6n) projects onto a decorated
group over pi1(AO, v1) that has an obvious relation.
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Proof. By hypothesis ((B, u1), φ, {pj}16j6n, {γj}16j6n) folds onto a decorated morphism over AO that self-folds.
Thus, the following hold: (a) there are distinct edges g and h in B with φ(g) = φ(h) and u := α(f) = α(h) such
that oφg = φu(b)o
φ
h for some b ∈ Bu, and (b) there is an index j′ ∈ {1, . . . , n} such that the path pj′ decomposes
as p′j′(1, g, 1)p
′′
j′(1, h, 1)p
′′′
j′ .
It follows from Lemma 6.7 that there are edges f1, . . . , fn of B and a bijection ν : {1, . . . , n} → {1, . . . , n}
such that (1) {f1, . . . , fn} ∩ {f−11 , . . . , f−1n } = ∅ and (2) for each 1 6 k 6 n, the path pν(k) decomposes as
pν(k) = p
′
ν(k)(1, fk, 1)p
′′
ν(k)
with p′ν(k) and p
′′
ν(k) contained in Bf1,...,fk ⊆ B. To simplify the proof assume that ν is the identidy map.
g
h
p′j′
p′′j′
p′′′j′
α(pj′)
fj′
Figure 22. The edges g and h are folded onto the same edge.
After a cyclic permutation of pj′ , we can assume that φ(pj′) = aj′c
zj′
i(j′)a
−1
j′ for some element aj′ of A
O
v1
and some positive integer zj′ and that the edge fj′ lies in the path (1, g, 1)p′′j′ as shown in Fig. 22. Now let
((B, u1), φ, {pj}16j6n, {δj}16j6n) be a redecoration of ((B, u1), φ, {pj}16j6n, {γj}16j6n) with δ1, . . . , δn con-
tained in Bf1,...,fn . Lemma 6.7 implies that
pi1(Bf1,...,fj′ , u1) = pi1(Bf1,...,fn , u1) ∗H(pj′+1, δj′+1) ∗ . . . ∗H(pn, δn)
and that
pi1(B, u1) = pi1(Bf1,...,fj′ , u1) ∗H(p1, δ1) ∗ . . . ∗H(pj′ , δj′).
Let H denote the subgroup
pi1(B0, u1) ∗j∈{1,...,n}−{j′} H(pj , δj)
of pi1(B, u1). Observe that the path p′j′(1, h, 1)p′′′j′ is contained in Bf1,...,fj′ and that its image under φ is equal
to aj′cz
′
i(j′)a
−1
j′ for some 0 < z
′ < zj′ . Hence the non-trivial element oj′ [ci(j′)]z
′
o−1j′ belongs to
oj′Ci(j′)o
−1
j′ ∩ φ∗pi1(Bf1,...,fj′ , u1)
which is clearly a subgroup of oj′Ci(j′)o−1j′ ∩ φ∗(H). Therefore
(6.1) 0 < |oj′Ci(j′)o−1j′ : φ∗(H) ∩ oj′Ci(j′)o−1j′ | < |oj′Ci(j′)o−1j′ : φ∗(H(pj′ , δj′))|
where oj′ = oH(pj′ ,δj′ ).
Now defineH := H0∗16j6nH(pj , δj) whereH0 := φ∗pi1(B0, u1) ≤ pi1(AO, v1). Let further λ : H → pi1(AO, v1)
be the homomorphism induced by the inclusion map H0 ↪→ pi1(AO, v1) and the homomorphisms
H(pj , δj) ↪→ pi1(B, u1) φ∗−→ pi1(AO, v1) for 1 6 j 6 n.
It is not hard to see that
(pi1(B, u0), φ∗, {H(pj , δj)}16j6n) (H,λ, {H(pj , δj)}16j6n),
which implies that
(pi1(B, u0), φ∗, {H(pj , γj)}) (H,λ, {H(pj , δj)}16j6n).
Eq. (6.1) implies that (H,λ, {Hj(pj , δj)}16j6n) has an obvious relation. 
With an entirely analogous argument we show the following result.
Lemma 6.13. If the decorated morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) over AO folds onto a decorated
morphism that folds peripheral paths, then the decorated group (pi1(B, u1), φ∗, {H(pj , γj)}16j6n) projects onto a
decorated group over pi1(AO, v1) that folds peripheral subgroups.
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6.3. The local graph. Recall that a directed graph Γ is a pair (V Γ, EΓ) consisting of a vertex set V Γ and an
edge set EΓ ⊆ V Γ× V Γ. An edge (v, w) of Γ is denoted by v 7→ w.
By a circle we mean a directed graph isomorphic to Cn = ({1, . . . , n}, {(1, 2), . . . , (n− 1, n), (n, 1)}) for some
n > 1. An interval is a directed graph isomorphic to In = ({1, . . . , n}, {(1, 2), . . . , (n − 1, n)}) for some n > 1.
Note that the interval I1 = ({1}, ∅) is degenerate as is consists of a single vertex.
Throughout this subsection let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO and u a
vertex of B. We assume further that ((B, u1), φ, {pj}16j6n, {γj}16j6n) does not fold squares.
Definition 6.14. The local graph of ((B, u1), φ, {pj}16j6n, {γj}16j6n) at the vertex u is defined as the directed
graph Γu((B,u1),φ,{pj},{γj}) having vertex set
V Γu((B,u1),φ,{pj},{γj}) := St(u,B) = {f ∈ EB | α(f) = u},
and having edge set EΓu((B,u1),φ,{pj},{γj}) consisting of all pairs of vertices (f, g) for which there is some j ∈
{1, . . . , n} and a cyclic permutation qj of pj such that
qj = q
′
j(1, f
−1, b, g, 1)q′′j
for some b ∈ Bu. The label of the edge f 7→ g is defined by l(f 7→ g) := (j, b) ∈ {1, . . . , n} ×Bu.
Note that l(f 7→ g) is well defined as we assumed that ((B, u1), φ, {pj}16j6n, {γj}16j6n) does not fold
squares. Furthermore, there is at most one vertex h1 of Γu((B,u1),φ,{pj},{γj}) with f 7→ h1, and there is at most
one vertex h2 of Γx((B,u1),φ,{pj},{γj}) with h2 7→ f . This implies that the components of Γu((B,u1),φ,{pj},{γj}) are
either (degenerate) intervals or circles.
Example 6.15. Consider the decorated morphism ((B, u1), φ, {p1, p2}, {γ1, γ2}) from Example 6.3. Then the
local graph Γu1((B,u1),φ,{p1,p2},{γ1,γ2}) has vertex set {f1, f2, f3} and edge set {f3 7→ f2, f2 7→ f1}. The label of
f3 7→ f2 is (2, 1) ∈ {1, 2} ×Bu1 and the label of f2 7→ f1 is (1, 1) ∈ {1, 2} ×Bu1 , see Fig. 23.
u1 u2
f1
f2
f3
p1
p2
f−13
f−12
f−11
f−11 7→ f−12
f−12 7→ f−13
f1
f2
f3
f3 7→ f2
f2 7→ f1
Figure 23. Γu1((B,u1),φ,{p1,p2},{γ1,γ2}) on the left and Γ
u2
((B,u1),φ,{p1,p2},{γ1,γ2}) on the right.
Now we collect some facts that local graph gives about the paths p1, . . . , pn and about the morphism φ :
B→ AO. Suppose that f 7→ g is an edge of Γu((B,u1),φ,{pj},{γj}) with label (j, b). By definition, there is a cyclic
permutation qj of pj , an element aj ∈ AOv1 , an index i(j) ∈ {1, . . . , qO}, and a positive integer zj such that
φ(qj) = ajc
zj
i(j)a
−1
j . Recall that the AO-path ci (1 6 i 6 qO) is given by
(6.2) ci =

sv1 , e1, sv2 , e
−1
2 , 1 if i = 1
1, ei, 1, e
−1
i+1, 1 if 2 6 i 6 qO − 1
1, eiO , 1, e
−1
1 , 1 if i = iO
Thus
(6.3) φ(qj) = aj(s
εi(j)
v1 , ei(j), s
εi(j)
v2 , e
−1
i(j)+1, 1)
zja−1j
where εi(j) is given by
(6.4) εi(j) =
{
1 if i(j) = 1
0 if i(j) > 2.
Equations (6.2)-(6.4) imply that o−1f φu(b)og = s
εi(j)
v , that φ(f) = ei0 and that φ(g) = e

i0−, where i0 and
 ∈ {±1} are given by:
(a) i0 = i(j) + 1 and  = 1 if v = v1 (i.e φ(u) = v1).
(b) i0 = i(j) and  = −1 if v = v2 (i.e φ(u) = v2).
By putting together all these facts we get the following result:
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Lemma 6.16. Let f1 7→ f2 7→ . . . 7→ fl 7→ fl+1 be a path in Γu((B,u1),φ,{pj},{γj}) of length l > 1. Suppose that
l(ft 7→ ft+1) = (jt, bt) for 1 6 t 6 l. Then, for each 1 6 t 6 l, the following hold:
(i) oft+1 = φu(b1 · . . . · bt)−1of1s
εi(j1)+...+εi(jt)
v .
(ii) φ(f1) = ei0 and φ(ft+1) = e

i0−t.
(iii) i(jt) ≡ i(j1) + (t− 1)(mod qO).
Proof. (i) and (ii) follow by induction. To prove (iii), suppose that φ(u) = v2 (the case φ(x) = v1 is analogous).
From item (ii) we obtain φ(ft) = e−1i(j1)+t−1. Applying the argument from the previous paragraph to the edge
ft 7→ ft+1 we see that φ(ft) = e−1i(jt). Thus
ei(j1)+(t−1) = ei(jt) ∈ EAO
and so i(jt) ≡ i(j1) + t− 1(mod qO). 
The following result shows that the existence of a closed path in the local graph Γu((B,u1),φ,{pj},{γj}) implies
that the morphism φ is locally surjective at the vertex u.
Lemma 6.17. Suppose that f1 7→ f2 7→ . . . 7→ fl 7→ fl+1 is a path in Γu((B,u1),φ,{pj},{γj}) and that
l(ft 7→ ft+1) = (jt, bt) ∈ {1, . . . , n} ×Bu for 1 6 t 6 l.
(1) If φ(f1) = φ(fl+1) (in particular, if f1 = fl+1), then qO divides l and
ofl+1 = φu(b1 · . . . · bl)−1of1skv where k := l/qO.
(2) If fl+1 = f1, then the following hold:
(2.i) the index of φu(Bu) in AOv is less or equal to k.
(2.ii) for each e ∈ St(v,AO) there are exactly k edges fen1 , . . . fenk in {f1, . . . , fl} ∩ φ−1(e). Moreover,
AOv = φu(Bu)ofen1
∪ φu(Bu)ofen2 ∪ . . . ∪ φu(Bu)ofenk .
Proof. We start with item (1). Suppose that φ(fl+1) = φ(f1). From Lemma 6.16(ii) we know that
ei0 = φ(f1) = φ(fk+1) = e

i0−l.
Hence the edges ei0 and ei0−l coincide, which implies that i0 ≡ i0 − l(mod qO). Thus qO divides l. For the
second claim in (1), note that Lemma 6.16(i) gives
ofl+1 = φu(b1 · . . . · bl)−1of1s
εi(j1)+···+εi(jl)
v .
By combining Equation 6.4 and Lemma 6.16(iii) we get εi(j1) + · · · + εi(jl) = k. This completes the proof of
item (1).
Now assume that fl+1 = f1. It follows from item (1) that qO divides l and that
ofl+1 = φu(b1 · . . . · bl)−1of1skv .
As f1 = fl+1 we conclude that ofl+1 = of1 , and so we have
skv = φu(b1 · . . . · bl)−1.
Thus skv belongs to φu(Bu), and therefore the index of φu(Bu) in AOv is less or equal to k.
To prove the second claim in (2) suppose that φ(x) = v2 (the case φ(x) = v1 is handled similarly). After a
cyclic permutation of f1 7→ f2 7→ · · · 7→ fl 7→ fl+1 = f1 we can assume that the index i(jt) ∈ {1, . . . , qO} is such
that i(jt) ≡ t (mod qO) for all 1 6 t 6 l. With this assumption we have
φ(f1) = e
−1
1 , φ(f2) = e
−1
2 . . . , φ(fqO) = eqO , φ(fqO+1) = e
−1
1 , . . . ,
and
(6.5) εi(jt) =
{
1 if t ≡ 1 (mod qO)
0 if t 6≡ 1 (mod qO)
Consequently, for each 1 6 i 6 qO, the intersection {f1, . . . , fl}∩φ−1(e−1i ) is equal to {fi, fi+qO , . . . , fi+(l−1)qO}.
Lemma 6.16(i) and Equation (6.3) imply that
φu(Bu)ofi+tqO = φu(Bu)ofis
t
v2 for 1 6 t 6 l − 1.
From item (1) we know that |AOv2 : φu(Bu)| 6 k. Hence, we can write ofi = φu(b)smv2 for some b ∈ Bu and some
0 6 m 6 k − 1. Thus
k−1⋃
t=0
φu(Bu)ofi+tqO =
k−1⋃
t=0
φu(Bu)ofis
t
v2 =
k−1⋃
t=0
φx(Bx)s
t+m
v2 = A
O
v2 ,
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which completes the proof of item (2). 
The next property of the paths p1, . . . , pn that we obtain from the local graph is that in many situations
we can assume that p1, . . . , pn do not cross some vertex groups. The precise meaning of the expression “do not
cross a vertex group” will be given below in item (2) of Lemma 6.18.
Let u be a vertex of B and S a subset of St(u,B) = {f ∈ EB | α(f) = u}. We say that a B-path p is S-trivial
at u if α(p) 6= u 6= ω(p) and p can be written as
p = p0(1, f
−1
1 , 1, g1, 1)p1 · . . . · pk−1(1, f−1k , 1, gk, 1)pk
where f1, g1, . . . , fk, gk ∈ S and the paths p0, . . . , pk are contained in the sub-graph of groups BS ⊆ B.
u
f1 g1
f2g2
p0
p1
p2
α(p)
ω(p)
Figure 24. p = p0(1, f−11 , 1, g1, 1)p1(1, f
−1
2 , 1, g2, 1)p2.
Note that a B-path p is St(u,B)-trivial at u if, and only if, α(p) 6= u 6= ω(p) and p is contained in the
sub-graph of groups Bu ⊆ B obtained from B by replacing the vertex group Bu by the trivial group.
Lemma 6.18. Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO. Suppose that f1 7→
f2 7→ · · · 7→ fl is a contractible component of Γu((B,u1),φ,{pj},{γj}) with
l(ft 7→ ft+1) = (jt, bt) ∈ {1, . . . , n} ×Bu for 1 6 t 6 l − 1.
Then there exists a decorated morphism ((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n) such that the following hold:
(1) ((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}16j6n, {γj}16j6n) by a redecoration
and finitely many auxiliary moves of type A2 applied to the edges f2, . . . , fl .
(2) The paths p′1, . . . , p′n are {f1, . . . , fl}-trivial at the vertex u.
In particular, the label of the edge ft 7→ ft+1 of Γu((B,u1),φ′,{p′j},{γ′j}) is given by
l(ft 7→ ft+1) = (jt, 1) ∈ {1, . . . , n} ×Bu.
Proof. After a cyclic permutation of the paths p1, . . . , pn we can assume that α(pj) 6= u 6= ω(pj) for all 1 6 j 6 n.
If l = 1, then there is nothing to show as in this case the paths p1, . . . , pn are contained in the sub-graph of
groups Bf1 ⊆ B, and so they are {f1}-trivial at u.
In order to clarify the argument we assume that l = 3 and that j1 6= j2. The idea of the proof is to trivialize
the paths pj1 , pj2 one by one by applying auxiliary moves to the edges f2 and f3 with appropriate elements of
the vertex group Bu. By definition,
pj1 = p
′
j1(1, f
−1
1 , b1, f2, 1)p
′′
j1 and pj2 = p
′
j2(1, f
−1
2 , b2, f3, 1)p
′′
j2 .
Lemma 6.16 implies that of2 = φu(b1)−1of1s
εi(j1)
v and that of3 = φu(b1b2)−1of1s
εi(j1)+εi(j2)
v . Since the decorated
morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) does not fold squares it follows that the paths p′j1 , p′′j1 , p′j2 , p′′j2 and
the paths p1, . . . , pj1−1, pj1+1, . . . , pj2−1, pj2+1, . . . , pn are contained in the sub-graph of groups Bf1,f2,f3 ⊆ B.
Let ((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n) be the decorated morphism obtained from
((B, u1), φ, {pj}16j6n, {γj}16j6n)
by an auxiliary move of type A2 applied to the edge f2 with element b1 ∈ Bu. We know from Remark 2.10 that
p′j1 = p
′
j1(1, f
−1
1 , b1b
−1
1 , f2, 1)p
′′
j1 = p
′
j1(1, f
−1
1 , 1, f2, 1)p
′′
j1 ,
that p′j2 = p
′
j2
(1, f−12 , b1b2, f3, 1)p
′′
j2
, and that p′j = pj for all j 6= j1, j2.
Next, define ((B, u1), φ′′, {p′′j }16j6n, {γ′′j }16j6n) as the decorated morphism obtained from
((B, u1), φ′, {p′j}16j6n, {γ′j}16j6n)
by an auxiliary move of type A2 applied to the edge f3 with element b1b2 ∈ Bu. Again, using Remark 2.10, we
see that
p′′j2 = p
′
j2(1, f
−1
2 , b1b2(b1b2)
−1, f3, 1)p′′j2 = p
′
j2(1, f
−1
2 , 1, f3, 1)p
′′
j2 ,
and that p′′j = p′j for all j 6= j2. Therefore p′′1 , . . . , p′′n are {f1, f2, f3}-locally trivial at u. 
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The following lemma is simply a reformulation of the notion of an almost orbifold covering of O to the
language of decorated morphism over the associated graph of groups AO.
Lemma 6.19. Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be a decorated morphism over AO that does not fold
squares. Let further u be a vertex of B with v := φ(u) ∈ V AO. Suppose that the following hold:
(a) For each w ∈ V B the local graph Γw((B,u1),φ,{pj},{γj}) is a circle fw,1 7→ fw,2 7→ · · · 7→ fw,lw 7→ fw,1.
(b) If w 6= u, then the morphism φ : B→ AO is folded at w.
(c) At the vertex u the following hold:
(c.1) Bu = 〈bu | −〉 ∗ 〈sdv〉 where 1 6 d = |AOv : 〈sdv〉|.
(c.2) l(fu,t 7→ fu,t+1) = (jt, 1) for 1 6 t 6 lu − 1 and l(fu,lu 7→ fu,1) = (jlu , bu).
(c.3) The vertex homomorphism φu : Bu → AOv is induced by the maps 〈sdv〉 ↪→ Av and bu 7→ skuv ,
where ku = lu/qO.
Then there is an almost orbifold covering η′ : O′ → O with exceptional point v ∈ AO ⊆ F with the property
that the element represented by the exceptional boundary component of O′ is mapped by η′∗ onto gskuv g−1 for
some g ∈ pio1(O) such that
(pio1(O
′) ∗ g〈sdv〉g−1, λ, {C ′1, . . . , C ′n}) ∼= (pi1(B, u1), φ∗, {H(p1, γ1), . . . ,H(pn, γn)}),
where λ is the homomorphism induced by η′∗ : pio1(O′)→ pio1(O) and the inclusion map g〈sdv〉g−1 ↪→ pio1(O).
Remark 6.20. Item (b) means that the vertex homomorphism φw : Bw → AOφ(w) is injective and that the cosets
φw(Bw)o
φ
g and φw(Bw)o
φ
f are distinct whenever f and g are edges of B starting at w with φ(f) = φ(g). In item
(c.1) note that Bu = 〈bu | −〉 if d = |AOv |.
Lemma 6.21. With the notation and hypothesis from Lemma 6.19, if 1 6 d < ku = lu/qO, then there is a
decorated morphism ((B′, u′0), φ′, {p′j}16j6n, {γ′j}16j6n) over AO with
(pi1(B′, u′0), φ′∗, {H(p′j , γ′j)}16j6n) ∼= (pi1(B, u0), φ∗, {H(pj , γj)}16j6n)
such that ((B′, u′0), φ′, {p′j}16j6n, {γ′j}16j6n) folds onto a decorated morphism over AO that folds squares.
Proof. Let ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) be the decorated morphism obtained from
((B, u1), φ, {pj}16j6n, {γj}16j6n)
by unfolding the edge fu,1 of B. Thus ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) can be constructed as follows:
(1) we add an edge fu,lu+1 to the graph B with α(fu,lu+1) = u and ω(fu,lu+1) := ω(fu,1).
(2) we extend the graph-morphism φ : B → AO to a graph-morphism
φ′ : B′ → AO
by defining φ′(fu,lu+1) := φ(fu,1).
(3) we replace the vertex group Bu = 〈bu | −〉 ∗ 〈sdv〉 by the group B′u := 〈sdv〉.
(4) we define the edge elements of fu,lu+1 by o
φ′
fu,lu+1
:= skuv and t
φ′
fu,lu+1
= tφfu,1 .
(5) the path pjlu = p
′
jlu
(1, f−1u,lu , bu, fu,1, 1)p
′′
jlu
is replaced by p′jlu := p
′
jlu
(1, f−1u,lu , 1, fu,lu+1, 1)p
′′
jlu
.
Note that ((B, u1), φ, {pj}16j6n, {γj}16j6n) is obtained from ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) by a fold of
type IIIA applied to the edges f−1u,1 and f
−1
u,lu+1
. This implies that
(pi1(B′, u′1), φ′∗, {H(p′j , γ′j)}16j6n) ∼= (pi1(B, u1), φ∗, {H(pj , γj)}16j6n).
We will show that ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) folds onto a decorated morphism that folds squares.
In the local graph Γu((B′,u′1),φ′,{p′j},{γ′j}), we have
l(fu,t 7→ fu,t+1) = (jt, 1) for 1 6 t 6 lu.
Since φ′(fu,1) = φ′(fu,lu+1) = φ(fu,1), it follows from Lemma 6.17 that
oφ
′
fu,lu+1
= oφ
′
fu,1
skuv .
By hypothesis d = |AOv : φ′u(B′u)| is strictly smaller than ku = lu/qO. Lemma 6.16 implies that there is some
i < lu + 1 such that the edges fu,1 and fu,i can be folded. Now observe that the edge fu,1 is crossed by the
path pu,j1 , the edge fu,i is crossed by the path p′ji−1 , and the edge f
−1
u,i is crossed by the path pji . Hence the
decorated morphism obtained from ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) by folding the edges fu,1 and fu,i folds
squares. This concludes the proof of the lemma. 
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6.4. Proof of Proposition 3.12. Let (G, η, {Gj}j∈J) be a strongly collapsible decorated group over pi1(AO, v1),
and suppose that the homomorphism η is not injective. Lemma 6.11 implies that the set Λ(G,η,{Gj}) of all tame
decorated morphisms ((B, u1), φ, {pj}16j6n, {γj}16j6n) over AO that induce decorated groups isomorphic to
(G, η, {Gj}j∈J) is non-empty.
Let H : Λ(G,η,{Gj}) → N be the map defined by H((B, u1), φ, {pj}, {γj}) := |EB| and let n0 ∈ N be the
minimum of H. Let
Λmin(G,η,{Gj}) := H
−1(n0) ⊆ Λ(G,η,{Gj})
be the set of all tame decorated morphisms ((B, u1), φ, {pj}16j6n, {γj}16j6n) in Λ(G,η,{Gj}) with |EB| = n0.
By hypothesis, η : G→ pi1(AO, v1) is not injective. Consequently no element of Λ(G,η,{Gj}) is folded.
Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be an arbitrary element element of Λmin(G,η,{Gj}). Since the morphism
φ : B → AO is vertex injective and the edge groups of AO are trivial, condition (F1) of Definition 2.5 must be
violated. Thus either a fold of type IA or a fold of type IIIA is applicable to φ. Suppose that the decorated
morphism ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}16j6n, {γj}16j6n) by one of these
folds. Lemma 2.13 implies that the decorated groups
(pi1(B′, u′1), φ′∗, {H(p′j , γ′j)}16j6n) and (pi1(B, u1), φ∗, {H(pj , γj)}16j6n)
are isomorphic. Since the number of edges of the underlying graph decreases by two, we conclude that
((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is not tame. Thus one of the following must occur:
(C1) ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) folds squares.
(C2) ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is not vertex injective.
(C3) ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is not collapsible.
We distinguish two cases according to whether there is a decorated morphism in Λmin(G,η,{Gj}) that folds onto
a decorated morphism that folds squares or not.
Case (1): Suppose that there is a decorated morphism ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) in Λmin(G,η,{Gj}) that
folds onto a decorated morphism that folds squares. It follows from Lemmas 6.12 and 6.13 that the deco-
rated group (pi1(B, u1), φ∗, {H(pj , γj)}16j6n) projects onto a decorated group that either folds peripheral sub-
groups or has an obvious relation. Consequently the same holds to (G, η, {Gj}16j6n) as it is isomorphic to
(pi1(B, u1), φ∗, {H(pj , γj)}16j6n).
Case (2): Suppose now that Case (1) does not occurs. Thus any decorated morphism that is obtained from
an element of Λmin(G,η,{Gj}) by a fold does not fold squares. We separate this case in two sub-cases according to
whether there exists a decorated morphism in Λ(G,η,{Gj}) that folds onto a (not tame) collapsible decorated
morphism or not.
Case (2.a): Suppose that there exists a decorated morphism ((B, u1), φ, {pj}16j6n, {γj}16j6n) in Λmin(G,η,{Gj})
that folds onto a decorated moprhism ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) that is collapsible. Thus φ′ is not
vertex injective. We will show that (G, η, {Gj}j∈J) projects onto a strongly collapsible decorated group
(H,λ, {Hj}16j6n)min over pio1(O) such that either
rk(H) < rk(G) or rk(H) = rk(G) and tn(H) > tn(G).
Indeed, as φ′ is not vertex injective, there is a vertex w of B′ such that the vertex homomorphism φ′w : B′w →
AOφ′(w) is not injective. As ((B, u1), φ, {pj}16j6n, {γj}16j6n) is vertex injective and the vertex groups of AO are
finite cyclic, one of the following must holds:
(1) In the case of a fold of type IA, the vertex group B′w is a free product of two finite cyclic groups. Hence
rk(B′w) = tn(B′w) = 2.
(2) In the case of a fold of type IIIA, the vertex B′w is the free product of an infinite cyclic group with a
(possibly trivial) finite cyclic group. Hence 1 6 rk(Bw) 6 2 and tn(B′w) = rk(B′w)− 1.
Lemma 6.7 provides a sub-graph of groups B0 ⊆ B that contains the vertex u1 of B and a redecoration
((B, u1), φ, {pj}16j6n, {δj}16j6n) of ((B, u1), φ, {pj}16j6n, {γj}16j6n) such that pi1(B, u1) splits as
pi1(B, u1) = pi1(B0, u1) ∗H(p1, δ1) ∗ . . . ∗H(pn, δn).
Define H := H0 ∗nj=1 H(pj , δj) where H0 := φ∗pi1(B0, u1) ≤ pi1(AO, v1). Let further λ : H → pi1(AO, v1) be
the homomorphism induced by the inclusion map H0 ↪→ pi1(AO, v1) and the maps
H(pj , δj) ↪→ pi1(B, u1) φ∗−→ pi1(AO, v1) for 1 6 j 6 n.
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It is not hard to see that the decorated group induced by ((B, u1), φ, {pj}16j6n, {γj}16j6n) projects onto the
decorated group (H,λ, {Hj(pj , δj)}16j6n), and therefore
(G, η, {Gj}j∈J) (H,λ, {Hj(pj , δj)}16j6n).
If the vertex group B′w is the free product of two non-trivial cyclic groups, then
rk(H) < rk(pi1(B′, u′1)) = rk(G).
If B′w is infinite cyclic, then
rk(H) = rk(pi1(B′, u′1)) = rk(G) and tn(G) = tn(pi1(B′, u′1)) < tn(H).
Case (2.b): Finally assume that (2.a) does not occur. Thus any decorated morphism that is obtained from an
element of Λmin(G,η,{Gj}) by a fold is not collapsible (by our assumption that Case (1) does not occur we also know
that it does not fold squares). In this case we will construct a decorated group over pi1(AO, v1) that is isomorphic
to the decorated group obtained from a special almost orbfold covering by adjoining a finite subgroup.
Let ((B, u1), φ, {pj}16j6n, {γj}16j6n) be an arbitrary element of Λmin(G,η,{Gj}) and suppose that the decorated
morphism ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is obtained from ((B, u1), φ, {pj}16j6n, {γj}16j6n) by a fold. By
our assumptions we know that ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) does not fold squares and it is not collapsible.
It is not hard to see that a fold of type IA preserves collapsibility. Thus ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n)
is obtained from ((B, u1), φ, {pj}16j6n, {γj}16j6n) by a fold of type IIIA. After an auxilairy move of type A2
we can assume that the fold is elementary. This means that there are distinct edges f and g of B such that (1)
w := α(f) = α(g) and u := ω(f) = ω(g), e := φ(f) = φ(g), and oφg = o
φ
f , where v denotes the vertex φ(u).
f
g
Bu
B′u = Bu ∗ 〈b′u | −〉
IIIA f
tφf
tφg
Bw
B′w = Bw
tφ
′
f
oφf
oφg = o
φ
f
oφ
′
f
Figure 25. φ′u(b
′
u) = (t
φ
f )
−1tφg ∈ Aφ(u), oφ
′
f = o
φ
f and t
φ′
f = t
φ
f .
The underlying graph B′ of B′ is equal to B/[f = g]. In order to simplify the notation, we will identify B′
with the sub-graph B − {g, g−1} of B. As the morphism φ : B→ AO is vertex injective, we can further assume
that Bu = 〈sdv〉 with d = |AOv : 〈sdv〉| > 1 and that the vertex homomorphism φu is the inclusion map 〈sdv〉 ↪→ AOv .
With this simplifications, we see that φ′ : B′ → AO is given by
φ′ = (φ′, {φ′y | y ∈ V B′}, {φ′h | h ∈ EB′}, {oφ
′
h | h ∈ EB′}, {tφ
′
h | h ∈ EB′})
where (i) the graph-morphism φ′ : B′ → AO is the restriction of φ to B′ = B − {g, g−1}, (ii) for all vertices
y 6= u the vertex homomorphism φ′y : B′y → Aφ′(y) coincides with φy, (iii) the vertex homomorphism φ′u : B′u =
Bu ∗ 〈b′u | −〉 → AOv is induced by the maps
Bu
φu−−→ AOv and b′u 7→ (tφf )−1tφg ,
and (iv) the edge elements are give by oφ
′
h = o
φ
h for all h ∈ EB′ = EB − {g, g−1}. Fig. 25 shows the portion of
the underlying graph of B involved in the fold.
Since ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) is not collapsible and does not fold squares, there is a non-empty
subset K = {k1, . . . , km} ⊆ {1, . . . , n} such that, for each h ∈ EB′ = EB−{g, g−1}, exactly one of the following
holds:
(a) The paths p′k1 , . . . , p
′
km
are contained in the sub-graph of groups B′h ⊆ B′.
(b) There are non necessarily distinct elements k and k′ in K such that
p′k = p
′
k,1(1, h, 1)p
′
k,2 and p
′
k′ = p
′
k′,2(1, h
−1, 1)p′k′,2
and that the following hold: (b.i) the paths p′k,1, p
′
k,2 and p
′
k′,1, p
′
k′,2 are contained in Bh, and (b.ii) for
each k′′ ∈ K − {k, k′} the path p′k′′ is contained in Bh
(c) There is an element k in K such that
p′k = p
′
k,1(1, h, 1)p
′
k,2(1, h
−1, 1)p′k,3
and that the following hold: (c.i) the paths p′k,1, p
′
k,2 and p
′
k,3 are contained in Bh and (c.ii) for each
k′ ∈ K − {k} the path p′k′ is contained in Bh.
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Let B′K be the sub-graph of B
′ having edge set
EB′K := {h ∈ EB′ | h is crossed by some p′k in {p′k1 , . . . , p′km}}
and vertex set V B′K := {α(h) | h ∈ EB′K}. The following hold:
(i) B′K is connected.
(ii) The paths p′k1 , . . . , p
′
km
are contained in the sub-graph of groups B′K ⊆ B′ carried by the sub-graph
B′K ⊆ B′.
(iii) For each h ∈ B′K there are k, k′ ∈ K such that
p′k = p
′
k,1(1, h, 1)p
′
k,2 and p
′
k′ = p
′
k′,1(1, h
−1, 1)p′k′,2
and that the following hold: (iii.a) the paths p′k,1, p
′
k,2, p
′
k′,1 and p
′
k′,2 are contained in (B′K)h and (iii.b)
for each k′′ ∈ K − {k, k′} the path p′k′′ is contained in (B′K)h.
Recall that (B′K)h denotes the sub-graph of groups of B′K carried by the sub-graph B′K −{h, h−1} of B′K . From
item (iii) we conclude that
(iv) for each y of B′K , the local graph Γ
y
((B′,u′1),φ′,{p′j},{γ′j}) has a circular component
hy,1 7→ hy,2 · · · 7→ hy,ly 7→ hy,1
with all edges hy,1, . . . , hy,ly contained in B′K .
Claim 6.22. For each vertex y ∈ V B′ = V B the local graph Γy((B′,u′1),φ′,{p′j},{γ′j}) contains at most one circle.
Proof of Claim. Indeed, Γy((B′,u′1),φ′,{p′j},{γ′j}) can be described in terms of Γ
y
((B,u1),φ,{pj},{γj}) as follows:
Γy((B′,u′1),φ′,{p′j},{γ′j}) =

Γy((B,u1),φ,{pj},{γj}) if y 6= w, u
Γw((B,u1),φ,{pj},{γj})/[f = g] if y = w
Γu((B,u1),φ,{pj},{γj})/[f
−1 = g−1] if y = u.
From this, we see that, if two components of Γy((B′,u′1),φ′,{p′j},{γ′j}) are circles, then Γ
y
((B,u1),φ,{pj},{γj}) con-
tains at least two non-trivial components, and one of them must be a circle. Now Lemma 6.17 implies that
((B, u1), φ, {pj}16j6n, {γj}16j6n) folds onto a decorated morphism that folds squares, which is a contradic-
tion. 
Claim 6.23. For each vertex y ∈ V B′K , the local graph Γy((B′,u′1),φ′,{p′j},{γ′j}) is a circle.
Proof of Claim. Denote the graph Γy((B′,u′1),φ′,{p′j},{γ′j}) by Γ
y. We will show that if Γy((B,u1),φ,{pj},{γj}) is not
connected, then there is a decorated morphism in Λmin(G,η,{Gj}) that either folds onto a decorated morphism
that folds squares (which contradicts our assumption that case (1) does not occur) or onto a morphism that is
collapsible (which contradicts our assumption that case (2.a) does not occur).
Item (iv) implies that at least one component of Γy is a circle fy,1 7→ fy,2 7→ · · · 7→ fy,ly 7→ fy,1 with all edges
fy,1, . . . , fy,ly in BK . If Γy is not connected, then the previous claim implies that there is an interval
h1 7→ h2 7→ · · · 7→ ht−1 7→ ht
in Γy with h1, . . . , ht ∈ EB′. Lemma 6.17 implies that there is some i ∈ {1, . . . ly} such that
e′ := φ′(fy,i) = φ′(h1) and that o
φ′
h1
= aoφ
′
fy,i
for some element a in φ′y(B′y).
Define the morphism φ′′ : B → AO from φ : B → AO by replacing, for each 1 6 i 6 t, the edge element
oφ
′
h1
= oφh1 by o
φ′′
hi
:= a−1oφhi . Thus o
φ′′
h1
= oφfy,i = o
φ′′
fy,i
. Now let ((B, u1), φ′′, {pj}16j6n, {γj}16j6n) be the
decorated morphism obtained from
((B, u1), φ, {pj}16j6n, {γj}16j6n)
by replacing φ : B→ AO by φ′′ : B′′ → AO.
It is not hard to see that the decorated morphism obtained from ((B, u1), φ′′, {pj}16j6n, {γj}16j6n) by folding
the edges f and g is also obtained from ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) by applying finitely many auxiliary
moves of type A2 to the edges h1, . . . , ht of B′. It now follows from Lemma 6.4 that
((B, u1), φ′′, {pj}16j6n, {γj}16j6n) ∈ Λmin(G,η,{gj}).
Finally, let ((B′′, u′′1), φ′′′, {p′′j }16j6n, {γ′′j }16j6n) be the decorated morphism obtained from
((B, u1), φ′′, {pj}16j6n, {γj}16j6n)
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by folding the edges fy,i and h1. If the edge h1 is not crossed by the paths p1, . . . , pn, i.e. if the interval
h1 7→ · · · 7→ ht has length t = 1, then clearly ((B′′, u′′1), φ′′′, {p′′j }16j6n, {γ′′j }16j6n) is collapsible and does not
fold squares. If h1 is crossed by some path pj , then ((B′′, u′′1), φ′′′, {p′′j }16j6n, {γ′′j }16j6n) folds squares. 
Claim 6.24. B′K = B
′ = B − {g, g−1}. Consequently K = {k1, . . . , km} is equal to {1 . . . , n}.
Proof of Claim. We know from the previous claim that, for each vertex y of B′K , the graph Γ
y
((B′,u′1),φ′,{p′j},{γ′j})
is a circle fy,1 7→ fy,2 · · · 7→ fy,ly 7→ fy,1 (with fy,1, . . . , fy,ly ∈ EB′K) and therefore connected.
If B′K were a a proper sub-graph of B
′, then there would be an edge h ∈ B′ − B′K with α(h) ∈ B′K . This
would then imply, as the component that contains the vertex h is clearly distinct from the circle
fα(h),1 7→ fα(h),2 7→ · · · 7→ fα(h),lα(h) 7→ fα(h),1,
that the graph Γα(h)((B′,u′1),φ′,{p′j},{γ′j}) is not connected, a contradiction.
Therefore B′K = B
′. Since the decorated morphism ((B′, u′1), φ′, {p′j}16j6n, {γ′j}16j6n) does not fold squares,
it follows that K = {1, . . . , n}. 
We will show that item (β) of Proposition 3.12 holds. To this end we show that the decorated morphism
((B′, u′0), φ′, {p′j}16j6n, {γ′j}16j6) satisfies the hypothesis of Lemma 6.19. We already know that it does not
fold squares.
It follows from Claims 6.23 and 6.24 and from the description of Γu((B′,u′1),φ′,{p′j},{γ′j}) given in the proof of
Claim 6.22, that the graph Γu((B,u1),φ,{pj},{γj}) is an interval
fu,1 7→ fu,2 7→ · · · 7→ fu,lu 7→ fu,lu+1
with {fu,1, fu,lu+1} = {f−1, g−1}. Without loss of generality suppose that fu,1 = f−1 and fu,lu+1 = g−1. It
follows from Lemma 6.18 that, after a redecoration and finitely many auxiliary moves of type A2 applied to the
edges fu,1, . . . , fu,lu+1 ∈ St(u,B), we can assume that the paths p1, . . . , pn are St(u,B)-trivial at u. In other
words, the paths p1, . . . , pn are contained in the sub-graph of groups Bu of B. Thus, the label of the edges of
Γu((B,u1),φ,{pj},{γj}) is given by
l(fu,t 7→ fu,t+1) = (jt, 1) ∈ {1, . . . , n} ×Bu for 1 6 t 6 lu.
As the IIIA fold is applicable to the edges f and g, we have
φ(fu,1) = φ(f
−1) = e−1 = φ(g−1) = φ(fu,lu+1).
Item (i) of Lemma 6.17 implies that qO divides lu and that
(tφg )
−1 = oφfk+1 = o
φ
f1
skuv = (t
φ
f )
−1skuv ,
where ku := lu/qO.
To conclude the proof of the Proposition we show that ((B′, u1), φ′, {pj}16j6n, {γj}16j6n) satisfies conditions
(a)-(c) of Lemma 6.19. From Claim 6.23 we know that, for each vertex w of B′, the graph Γw((B′,u′1),φ′,{p′j},{γ′j})
is a circle
fw,1 7→ fw,2 7→ · · · 7→ fw,lw 7→ fw,1.
If φ′ : B′ → A is not folded at some vertex w 6= u, then a fold can be applied to distinct edges h′, h′′ ∈
St(w,B′). Since the vertex groups B′w and Bw coincide, it follows that a fold that identifies the edges h′ and
h′′ can also be applied to φ : B→ AO. This implies that
((B, u1), φ, {pj}16j6n, {γj}16j6n)
folds onto a decorated morphism that folds squares, a contradiction. Therefore the morphism φ′ : B′ → AO is
folded at all vertices of B′ distinct from u.
It remains to verify that at the vertex u the following hold:
(c.1) B′u = 〈b′u| −〉 ∗ 〈sdv〉 where d = |AOv : 〈sdv〉|.
(c.2) l(fu,t 7→ fu,t+1) = (jt, 1) for 1 6 t 6 lu − 1 and l(fu,lu 7→ fu,1) = (jlu , b′u).
(c.3) The vertex homomorphism φ′u : B′u → AOv is induced by the maps 〈sdv〉 ↪→ Av and b′u 7→ skuv .
Item (c.1) follows immediately from the definition of the fold. For item (c.2), note that, as the edges
fu,1 7→ fu,2, . . . , fu,lu 7→ fu,lu+1 of Γu((B,u1),φ,{pj},{γj}) have label
l(fu,t 7→ fu,t+1) = (jt, 1) for 1 6 t 6 lu,
it follows that the edges fu,1 7→ fu,2, . . . , fu,lu 7→ fu,1 of Γu(B′,u′1),φ′,{p′j},{γ′j}) have label
l(fu,t 7→ fu,t+1) = (jt, 1) for 1 6 t 6 lu − 1 and l(fu,lu 7→ fu,1) = (b′u, jlu).
NIELSEN EQUIVALENCE IN CLOSED 2-ORBIFOLD GROUPS 39
Item (c.3) follows immediately from Lemma 6.17.
Lemma 6.19 says that there is an almost orbifold covering η′ : O′ → O with exceptional point v ∈ AO ⊆ F
with the property that the element represented by the exceptional boundary component of O′ is mapped by η′∗
onto gskuv g−1 for some g ∈ pio1(O) such that
(pio1(O
′) ∗ g〈sdv〉g−1, λ, {C ′1, . . . , C ′n}) ∼= (pi1(B, u1), φ∗, {H(p1, γ1), . . . ,H(pn, γn)}),
where λ is the homomorphism induced by η′∗ : pio1(O′)→ pio1(O) and the inclusion map g〈sdv〉g−1 ↪→ pio1(O).
It remains to show that η′ is special. It follows from Lemma 6.21 and from our assumption that no element
of Λmin(G,η,{Gj}) folds onto a decorated morphism over A
O that folds squares, that d > ku. Therefore ku 6 |AOv |,
and so η′ : O′ → O is a special almost orbifold covering.
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